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Abstract. The operator- valued Schur-class is defined to be the set of holomorphic functions S mapping 
the unit disk into the space of contraction operators between two Hilbert spaces. There are a number of 
alternate characterizations: the operator of multiplication by S defines a contraction operator between two 
Hardy Hilbert spaces, S satisfies a von Neumann inequality, a certain operator-valued kernel associated with 
S is positive-definite, and S can be realized as the transfer function of a dissipative (or even conservative) 
discrete-time linear input /state/output linear system. Various multivariable generalizations of this class 
have appeared recently, one of the most encompassing being that of Muhly and Solel where the unit disk 
is replaced by the strict unit ball of the elements of a dual correspondence E" associated with a W*- 
correspondence E over a Vy*-algebra A. together with a *-representation a of yl. The main new point which 
we add here is the introduction of the notion of reproducing kernel Hilbert correspondence and identification 
of the Muhly-Solel Hardy spaces as reproducing kernel Hilbert correspondences associated with a completely 
positive analogue of the classical Szego kernel. In this way we are able to make the analogy between the 
Muhly-Solel Schur class and the classical Schur class more complete. We also illustrate the theory by 
specializing it to some well-studied special cases; in some instances there result new kinds of realization 
theorems. 



1. Introduction 

The classical Schur class <S (consisting of holomorphic functions mapping the unit disk D into the closed 
unit disk D) along with its operator-valued generalization has been an object of intensive study over the past 
century (see [J^ for the original paper of Schur and [53] for a survey of some of the impact and applications 
in signal processing). To formulate the definition of the operator-valued version, we let C{U,y) denote the 
space of bounded linear operators acting between Hilbert spaces U and y. We also let Hy{p) and Hyip) 
be the standard Hardy spaces of valued (respectively 3^-valued) holomorphic functions on the unit disk 
D. By the Schur class S{U,y) we mean the set of £(i^, y)-valued functions holomorphic on the unit disk 
D with values S{z) having norm at most 1 for each z e ID. The class S{U, y) admits several remarkable 
characterizations. The following result is well known and is formulated as the prototype for the multivariable 
generalizations to follow. 

Theorem 1.1. Let S he an C{U,y)- valued function defined on D. The following are equivalent: 

(1) S e S{U,y), i.e., S is analytic on D with contractive values in C{U,y). 

(!') The multiplication operator Ms : f{z) i— > S{z) ■ f{z) defines a contraction from _ffj^(D) into Hy{I}). 
(1") S is analytic and satisfies the von Neumann's inequality: if T is any strictly contractive operator on 
a Hilbert space K-, i.e., ||T|| < 1, then S{T) is a contraction operator (||S'(r)|| < 1), where S{T) is 
the operator defined by 

oc oc 

5(r) = ^5„«)T"e/:(W(^/C,3^®/C) if 5(z) = ^5„z". 

Tl = Tl = 

(2) The function i^s : B x P ^ C{y) given by 

KsizM-'-^^^^^^ 

1 — ZIU 

is a positive kernel on D x D. 
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(3) There exists a Hilhert space Ti and a coisometric ( or even unitary or contractive ) connecting operator 
( or colligation ) \J of the form 

U 

so that S{z) can be realized in the form 

S{z) = D + zC{Ih-zA)-^B. (1.1) 

From the point of view of systems theory, the fmiction (|1.1[) is the transfer function of the hnear system 

x{n + 1) = Ax{n) + Bu{n) 
y{n) — Cx(n) + Du{n) 

The foUowing weU-known Proposition gives several equivalent definitions for the term "positive kernel" 
used in condition (2) in Theorem 11.11 The scalar case (3^ = C) of this result goes back to the paper of 
Aronszajn 7 , but is also often attributed to E.H. Moore and Kolmogorov, while the vector-valued case has 
been well exploited in the function-theoretic operator theory literature over the years (see [Tfl I19j ). 

Proposition 1.2. Let K: x O ^ -^(3^) given function. Then the following conditions are equivalent: 

(1) For any finite collection of points wi, . . . , G ^ and of vectors yi, . . . ,yN G y (N = 1,2, ... ) it 
holds that 

{K{LO„LOj)yj,y,)y>Q. (1.2) 

i,j=l,...,N 

(2) There exists an operator-valued function H . D, —> C{Ti., y) for some auxiliary Hilhert space 7i so that 

K{uo',uj) = H{uo')H{lo)* . (1.3) 

(3) There exists a Hilhert space Ti{K) of y -valued functions f on D, so that the function K{-,Lj)y is in 
'H{K) for each uj ^ fl and y (z y and has the reproducing property 

{f,K{-,uj)y)n(K) = {f{uj),y)y- 
When any (and hence all) of these equivalent conditions hold, we say that K is a positive kernel on fi x f2. 

We provide a sketch of the proof of Theorem 11.11 as a model for how extensions to more general settings 
may proceed. 

Sketch of the proof of Theorem^T^ The easy part is (3) =^ (2) =^ (1") => (1') => (1): 

(3) (2): Assume that S{z) is as in ()1.1|) with U unitary, and hence, in particular, coisometric. From 
the relations arising from the coisometric property of U: 



one can verify that 

/ - S{z)S{w)* =1 -[D + zC{I - zA)-^B][D + wC{I - wA)'^B]* 

= C{I - zA)-\{l - zw)In]{I ~wA*)-'^C*. 

This implies that H{z) = C{I - zA)^^ satisfies (fO]) . 

(2) =^ (1"): Due to / - S{z)S{wY = Ti{z)\{\ - zw)Ih]H{w)*, we can see that for any ||T|| < 1 

/ - S{T)S{T)* = H(T)[{1 - TT*) ® Ih]H(T)* > 0. 

(1") (1'): Observe that Ms = S{S) = s - limS'(rS) where S is the shift operator on H'^(D). 

rf 1 

Thus the fact that ||S'(rS)|| < 1 for any r < 1 implies \\Ms\\ < 1. 

(1') (1): Note that since Siz)u ^ Ms ■ u for any u G we have \\Ms\\op = \\S\\oo. So \\Ms\\ < 1 
implies that 5' S S{U,y). 

The harder part is (1) (1') =^ (1") =^ (2) =^ (3): 

(1) (1'): We can view H^{B) C ^^(T). Thus ||Msu|U2(t) < \\S\\^ ■ ||u||l2(t)- 

(1') =4> (1"): According to the Sz.-Nagy dilation theorem, any contraction operator T has a unitary 
dilation U. In the strictly contractive case ||T|| < 1, one can show that in fact the unitary dilation is the 



'A 


B 




'A* 


C*' 




I 


0" 


C 


D 




B* 


D* 







/ 



MULTIVARIABLE GENERALIZATIONS OF THE SCHUR CLASS 



3 



bilateral shift with some multiplicity N: [/ = S /a? (if = oo, we interpret In as the identity operator 
on ^2). We then have T" = Pk(S ® /iv)"k. Therefore ||^(T)|| = \\Py^KS{S In)\u0k\\ < \\Ms\\ < 1. 

(1") (2): A direct proof of this implication can be done via a rather long, intricate argument using 
a Gelfand-Naimark-Segal construction in conjunction with a Hahn-Banach separation argument — we refer 
to this as a GNS/HB argument. For the polydisk setting, the argument originates in jl]; the version for a 
general semigroupoid setting in [53] covers in particular the classical setting here. 

Alternatively, one can avoid the GNS/HB argument via the following shortcut: 

(1") =^ (1') =^ (2): We have seen that (1") =^ (!') is easy. For (!') =^ (2), we assume \\Ms\\ < 1. 
View H^{D) as the reproducing kernel Hilbert space Ti-iksz), where ksz{z,w) — jirj^ is the Szego kernel. 
Since Mgks^{-,w)y = ks^{-,w)S{w)*y, we see that 

J2 {Ks{z^,z,)y,,y,)y - || ^ ks.{- , z,)yj\\^ - ||(Ms)* ^ /cs.(-, z,)y, f > 

i,j=l,...,N j j 

and it follows (via criterion (|1.2p ) that Ks is a positive kernel on ID) x D. 

(2) =^ (3): This implication can be done by the now standard lurking isometry argument — see [8] 
where this coinage was introduced. □ 

The purpose of this paper is to study recent extensions of the Schur class and the associated analogues 
of Theorem 11.11 to more general multivariable settings. In Section [5] we describe two such extensions: the 
Drury-Arveson space setting and the free-semigroup setting. We emphasize how all the ingredients of the 
proof of Theorem 11.11 sketched above have direct analogues in these two settings; hence the proof of the 
analogues of Theorem 11.11 for these two settings (see Theorem 12.11 and Theorem 12.31 below) directly parallel 
the proof of Theorem 11.11 as sketched above. A far more sophisticated generalized Schur class has been 
introduced by Muhly and Solel (see [331 The main contribution of the present paper is to introduce 

the notion of reproducing kernel Hilbert correspondence and an analogue of the Fourier (or Z-) transform 
for the Muhly-Solel setting. The starting point for most of the constructions is a Ty*-correspondencc E 
over a M^*-algebra A together with a ^-representation a of A. We show that the image, denoted in our 
notation as H^{E, a) which is an analogue of H^, of a Muhly-Solel Fock space, denoted as !F'^{E, a) in our 
notation which is an analogue of ^2(Z_|_), under this .Z-transform is a space of valued functions {£ equal to 
a coefficient Hilbert space) on the Muhly-Solel generalized unit disk ©((i?*^)* j3 and that an element S of the 
Muhly-Solel Schur class as introduced in |3^ induces a bounded multiplication operator on H'^{E,(t). We 
also obtain analogues of the other parts of Theorem 1 1.1 1 for this setting (see Theorem lS.ll in Section 5 below) 
and thus obtain a more complete analogy between the Muhly-Solel Schur class and the classical Schur class 
than that presented in [36j . Section [3] develops required preliminaries concerning general correspondences, 
including the notions of reproducing kernel correspondence and of reproducing kernel Hilbert correspondence; 
these are natural elaborations of the Kolmogorov decomposition for a completely positive kernel found in 
[15] . Section [3| introduces the spaces {E, a) and H°° {E, a) which are the analogues of the Hardy spaces 
and H°° for this setting. The final section [6| applies the general theory to some familiar more concrete 
special cases. Specifically we make explicit how the classical case discussed above as well as the Drury- 
Arveson setting and the free-semigroup algebra setting discussed in Section [2] are particular cases of the 
Muhly-Solel setting. The general theory here leads to more structured versions of these well-studied settings 
and corresponding new types of realization theorems. We also discuss one of the main examples motivating 
the work in [311 [331 [36] , namely the setting of analytic crossed-product algebras. It is interesting to note 
that the realization theorem for a particular instance of this example amounts to the realization theorem for 
input-output maps of conservative time- varying linear systems obtained in [3]. 

Another class of examples covered by the Muhly-Solel setting are graph algebras (also known as semi- 
groupoid algebras) [301 [311 [27]; we do not discuss these here. There are still other types of generahzed Schur 
classes which are not subsumed under the Muhly-Solel Fock space/correspondence setup. We mention the 
Schur- Agler class for the polydisk (see [ll[2l[T4] and for more general domains [3 [9]), the noncommutative 
Schur- Agler class (see [HI [13]), and higher-rank graph algebras (see [28j). A differentiating feature of these 
variants of the Schur class is a more implicit version of condition (2) in Theorem 11.11 where the single positive 



In nice cases, the general situation collapses to this statement; more correctly, the vector-valued functions are defined on 
0({E°')*) X cr{AY where a-{AY is the commutant of the image cr{A) of cr in C{£). 



4 



J. A. BALL, A. BISWAS, Q. FANG, AND S. TER HORST 



kernel (the Szego kernel jz^) is replaced by a whole family of positive kernels. An abstract framework using 
this feature as the point of departure is the semigroupoid approach of Dritschel-Marcantognini-McCuUough 
P5] which incorporates all the aforementioned settings in [2 [51 [TU [T^l HH] ■ However the theory in [53] does 
not appear to include the analytic crossed-product algebras included in the Muhly-Solel scheme since it does 
not allow for the action of a H^*-algebra A acting on the ambient Hilbert space. It is conceivable that some 
sort of synthesis of these two disparate approaches is possible; the recent work on product decompositions 
over general semigroups (see jlS]) appears to be a start in this direction. 

The notation is mostly standard but we mention here a few conventions for reference. For Q any index 
set, £^(f2) denotes the space of complex- valued functions on which are absolutely square summable: 

Most often the choice = Z (the integers) or 57 = (the nonnegative integers) appears. For Ti, a Hilbert 
space, we use ^|^(ri) as shorthand for €^(S1) ® Ti, (the space of Ti- valued function on fl square-summable in 
norm). More general versions where Ti. may be a correspondence also come up from time to time. 

2. Some multivariable Schur classes 

In this section we introduce two multivariable settings (the Drury-Arveson space setting and the free 
semigroup algebra setting) for the Schur class and formulate the analogue of Theorem 11.11 for these two 
settings. 

2.1. Drury-Arveson space. A multivariable generalization of the Szego kernel k{z, w) = {1 — zw)~^ much 
studied of late is the positive kernel 

kJz, w) = 1 on B'' X B'', 

1 — (z, w) 

where B'' = {z = (zi, . . . , Zd) S : (z, z) < 1} is the unit ball of the c?-dimensional Euclidean space C*. 
By {z,w) = X)j=i ^j^j ■^fi mean the standard inner product in C^. The reproducing kernel Hilbert space 
(RKHS) Ti.{kd) associated with via Aronszajn's construction [7 is a natural multivariable analogue of the 
Hardy space of the unit disk and coincides with if d = 1. 

For y an auxiliary Hilbert space, we consider the tensor product Hilbert space 'Hy{kd) Ti-ikd) ® y 
whose elements can be viewed as 3^-valued functions in 7i(fcd). Then Tty{kd) can be characterized as follows: 

ny{kd) = I /(z) = E /n^" : ll/f - E ^ • < ^ [ ■ 

Here and in what follows, we use standard multivariable notations: for multi-integers n = (ni, . . . , Ud) € l\_ 
and points z = (zi, . . . , z^) G we set 

|n| ==ni+n2 + ...+nd, n! = ni!n2!...n<j!, z" = z"iz2' . . . z;^^ 

By MdiU, y) we denote the space of all C{U, 3^)-valued analytic functions S on B'' such that the induced 
multiplication operator 

Ms : /(z) -> S{z) ■ f{z) 

maps Hu{kd) into Hy{kd)- It follows by the closed graph theorem that for every S G MdiU, y), the operator 
Ms is bounded. We shall pay particular attention to the unit ball of Md{U, y), denoted by 

Sd{U,y) = {5 e Md{U,y): \\Ms\\op < 1}. 

We refer to Sd(pl,y) as a generalized (d- variable) Schur class since Si{U,y) collapses to the classical Schur 
class. Characterizations of Sd{U,y) in terms of realizations originate in [3l [151 123 • The following is the 
analogue of Theorem 1 1.1 1 for this setting; the result with condition (1") eliminated appeared e.g. in [TSl lllj. 

Theorem 2.1. Let S be an C{U,y) -valued function defined on B"^. The following are equivalent: 

(1') S belongs to SdiU^y), i-c., the multiplication operator Ms f(z) ^ S{z)f{z) defines a contraction 
fromTLu{kd) into Hy{kd). 
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(1") ||S'(T)|| < 1 for any commutative row contraction T = (Ti,--- ,Td) € C{JCY, i.e., if S is given by 
^i'^) — SneZ"* and if (Ti, . . . ,Td) is any commuting d-tuple of bounded linear operators on a 

Hilbert space K. such that the row matrix [Ti • ■ • Td\ defines a strict contraction operator from 
/C* to JC, then the operator S'(T) G C{U ® lC,y ® K,) defined via the operator-norm limit of the series 
S[T) i^En^n-^T" has \\S{T)\\ < 1. 
(2) The function i^s : B x 1 -> C{y) given by 



Ks{z,w) = 



ly ~ s{z)siwy 

{z,w) 



1 



is a positive kernel (see Provosition I J . g|) . 
(3) There exists a Hilbert space Ti and a unitary (or even coisometric or contractive) connecting operator 
( or colligation ) \J of the form 



U = 



Ad 
C 



Bd 
D 



'n 






u 




y _ 



so that S{z) can be realized in the form 



S{z) = D + C{In-ziAi ZdAd) \ziBi + . . . + ZdBd) 

= D + C{I - Z{z)A)-^Z{z)B 



where we set 









'A{ 




'B{ 


Z{z) = [zJn ■ 


■ Zdin] , 


A = 


Ad. 


, B = 





(2.1) 



Remarks on the proof : (3) =5> (2) => (1") (1') follows in the same way as in the sketch of the proof 
of Theorem ll.il above. For (1') =^ (2), one can use the same reproducing kernel argument as the shortcut 
discussed in the proof Theorem 11.11 above. For (1') =4> (l")j one can follow the corresponding argument 
sketched above for Theorem 11.11 but with the Sz.-Nagy dilation theorem replaced with the Drury dilation 
theorem (see [24,). The implication (2) => (3) follows exactly as in the classical case via the lurking isonietry 
argument (see [E]). Note that (1") => (2) also can be achieved directly by the GNS/HB argument in [23] 
specialized to the setting here, but this is not usually done since one has the alternative easier route (1") 
=^ (1') =^ (2). □ 

2.2. Free semigroup algebras. We now discuss the generalization of the Schur class associated with free 
semigroup algebras and models for row contractions (see [39l HOI SI] |42l [ITj ) . We follow the formalism and 
notation as used in [16] . 

Let z = (zi, . . . , Zd) and w = (wi, . . . , Wd) be two sets of noncommuting indeterminates. We let Td denote 
the free semigroup generated by the d letters {1, . . . ,d}. A generic element of fd is a word w equal to a 
string of letters 

a = iN---ii where ifc G {1, . . . , rf} for k — l,...,N. (2.2) 

The product of two words is defined by the usual concatenation. The unit element of J-d is the empty 
word denoted by 0. For a a word of the form (12. 2|) . we let z" denote the monomial in noncommuting 
indeterminates z" = Zi„ • • ■ and we let = 1. We extend this noncommutative functional calculus to a 
d-tuple of operators A = {Ai, . . . , Ad) on a Hilbert space IC: 



A"=A,„---A,, if v^iN---iieTd\m; A' 
We will also have need of the transpose operation on J-d'. 

= ii ■ ■ ■ ifq if a ~ ifq ■ ■ ■ ii. 







Ik- 
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Given a coefficient Hilbert space y we let y{z) denote the set of all polynomials in z = (zi, . . . ,Zd) with 
coefficients in y : 

y{z) = < p{z) = Paz" '■ Pa & y and Pa = for all but finitely many a > , 

I ae^d ) 

while y{{z)) denotes the set of all formal power series in the indeterminates z with coefficients in 3^: 



J2 faz'' : L ^ y\ ■ 

ae^d ) 



Note that vectors in y can be considered as Hilbert space operators between C and y. More generally, liU and 
y are two Hilbert spaces, we let C{U,y){z) and C{U,y){{z)) denote the space of polynomials (respectively, 
formal power series) in the noncommuting indeterminates z = (zi, . . . , z^) with coefficients in £{14, y). Given 
S = Y.a&:Fd ^ C{U,y){{z)) and / = Y.p^Fd fp"^^ ^ ^((^))' product S{z) ■ /(z) e y{{z)) is defined 
as an element of y{{z)) via the noncommutative convolution: 

Siz) ■ f{z) = J2 safpz'^^ ^ [ E ^o.fAz\ (2.3) 



Note that the coefficient of z'" in (|2.3[) is well defined since any given word w G JF^ can be decomposed as a 
product V = a ■ (3 in only finitely many distinct ways. 

In general, given a coefficient Hilbert space C, we use the C inner product to generate a pairing 

(■, ■)c>.c{{u,))--CxC{{w))^C{{w)) 



via 



\ P£^d I CxC{{w)) /'e-^rf 

Similarly we can consider {^^tey^d '^)c{(w))xc '^^ more general pairing 

( E E 30^^) = E (f'^'9p)cw''"w'". 

\a<£3^d PeJ'd I c{{w'))xC{{w)) °',l3&J^d 

Suppose that 7i is a Hilbert space whose elements are formal power series in y{{z)) and that K{z,w) = 
0eJ^d ^oi,i3z"w^ is a formal power series in the two sets of d noncommuting indeterminates z = 
(zi, . . . , Z(i) and w = {wi, . . . ,Wd)- We say that 7i is a NFRKHS (noncommutative formal reproducing 
kernel Hilbert space) if for each a € J-d, the linear operator $q : 7i ^ 3^ defined by f{z) = J^pej^d •^/^-^'^ '"^ 
is continuous, fn this case there must be a formal power series ka{z) € C{y){{z)) so that ka{-)y £ Ti for 
each a ^ J-d and y & y and 

(/, kay)H = {fa,y)y- 
If we set K{z, w) = X]/3eJ^d ^pi^)'^^ > then we have the reproducing property 

{f,K{-,w)y)-Hxn{{w)) = {f{w),y)y{{w))xy- 

In this case we say that K(z,w) is the reproducing kernel for the NFRKHS Ti.. As explained in detail in 
[16j . we have the following equivalent characterizations for such kernels which parallel the statements of 
Proposition I f . 21 for the classical case. 

Proposition 2.2. Let K{z,w) G C{y){{z,w)) be a formal power series in two sets of noncommuting in- 
determinates with coefficients Ka^p equal to bounded operators on the Hilbert space y. Then the following 
conditions are equivalent: 

(1) For all finitely supported y -valued functions a ya it holds that 

E {Ka.a'Va'.Va) > 0, 
a,a'&J^d 
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i.e., the function from Td x J^d to C{y) given by (a,/?) Ka^p is a positive kernel in the classical 
sense of Provosition HOI 

(2) K{z,w) has a factorization 

K{z,w) = H{z)H{wY 
for some H G C{Ti,,y){{z)) where Ti. is some auxiliary Hilbert space. Here 

H{wy - ^ H*w'^'" = H*rw'^ if H{z) = ^ H^z". 

(3) K{z, w) is the reproducing kernel for a NFRKHS Ti.{K), i.e., for each (3 G Td and y 'E y the formal 
power series kpy given by k0y{z) := X^aeJ^'d ^a.pyz'^ is in 'H{K) and has the reproducing property 

(/' X! ^Py'^^)n{K)xn{K){{w)) = (/H>y)3^((u.»x:y for every f e n{K). 
A natural analogue of the vector- valued Hardy space over the unit disk (see e.g. [39]) is the Fock space 



with coefficients in y which we denote here by Hy{J-d) and express the elements in power series form: 



Hl{J^d)^\f{z)^ faZ'^-.faey, Y ll/af <Ool. (2.4) 

I aeJ^d aeJ^d ) 

When 3^ = C we write simply H'^{Td). As explained in [H], H'^{Td) is a NFRKHS with reproducing kernel 
equal the following noncommutative analogue of the classical Szego kernel: 

Thus we have in general Hy{Td) — W(A:sz ^ ^3;). We abuse notation and let 5*^ denote the shift operator 

S, : f{z) = Y ^ /(^) ■ = E Z"^"'' for J = 1, . . . , d 

veJ^d veJ^d 

on Hy(J-d) for any auxiliary space y. The adjoint of Sj on Hy{!Fd) is then given by 

We let M.nc,d(pl,y) denote the set of formal power series S{z) — X^aGJ^d ^it\i coefficients Sa G 
CiU, y) such that the associated multiplication operator Ms : f{z) ^ S{z)-f{z) (see (|2.3p ') defines a bounded 
operator from H^{Td) to Hy{!Fd). The noncommutative Schur class 5„c,d(W, y) is defined to consist of such 
multipliers 5* for which Ms has operator norm at most 1: 

Snc,d(pi,y) = {5 e C{U,y){{z)): Ms: H^^iTd) ^ H^iTd) with \\Ms\\op < !}• 

The following is the noncommutative analogue of Theorem II. II for this setting. We refer to [Snilini for details. 

Theorem 2.3. Let S{z) e C{U,y){{z)) be a formal power series in z — {zi, . . . , Zd) with coefficients in 
C(U,y). Then the following are equivalent: 

(1') 5* € Snc,dil^,y), i-e., Ms'.U{z) y{{z)) given by Ms: p{z) S{z)p{z) extends to define a 

contraction operator from Hy{J^d) irito Hy{Td). 
(1") For each strict row contraction (Ti,...,Trf), i.e., a d-tuple {Ti, . . . ,Td) of operators on a Hilbert 

space /C (commutative or not) such that the row matrix [Ti • ■ • T^] defines a strict contraction 

operator from IC^ to K,, we have 

\\SiT)\\ < 1, 

where 

S{T) = Y So^^T'^ eC{U® fC), y®lC) if S{z) = Y ■5"^" 
and where we set 

=Ti^ ■ ■ - Ti^ if a = ijv ■ ■ ■ «i G ^d- 
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(2) The formal power series given by 

Ks{z,w) := ksz, nc{z,w) - S{z)ksz, „c{z,w)S{w)* 

is a noncommutative positive kernel (see Proposition \2.2\) . 

(3) There exists a Hilbert space H and a unitary connection operator U of the form 











'A, 






'X' 


u = 
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B 
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Ad 
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so that S{z) can be realized as a formal power series in the form 

d 

S{z) = D + ^Y^ CA^'Bjz'' ■zj=D + C{I - Z{z)A)-^ Z{z)B 

where Z(z), A and B are as in (j2.ip but where now Zi,...,Zd are noncommuting indeterminates 
rather than commuting variables. 

Sketch of the proof of Theorem^EM The proof of (3) =^ (2) =^ (1") =^ (1') =^ (1) formally goes through 
in the same was as the classical case. Let us just note that (1") =^ (!') involves viewing M5: H^{Td) 
Hy{kd) as Ms = S{S) where S = {Si, . . . , Sd) are the left creation operators of multiplication by zj on the 
left on the Fock space H^{J-d)- From the assumption (1"), we know that ||S'(rS)|| < 1 for each r < 1 and 
hence \\Ms\\ = lim^ii ||S'(rS)|| < 1 as weU. 

We discuss the harder direction (!') =^ (1") =^ (2) =^ (3). 

(1') => (1"): One can follow the proof of (!') => (1") for the classical case but substitute the Popescu 
dilation theorem for row contractions (see ^Tj) for the Sz.-Nagy dilation theorem for a single contraction 
operator. 

(1") => (2): This implication again can be done via an appropriate version of the GNS/HB argument; 
see |12) for a slightly more general version and [23j for an even more general version. 

Alternatively, one can follow the route (1") (1') (2): As we have already discussed (1") 
(!'), it suffices to discuss (1') => (2). This can be done by an adaptation of the argument for the classical 
case to the present setting of formal, noncommutative reproducing kernel Hilbert spaces — see jl6l Theorem 
3.15]. 

(2) =4« (3): The lurking isometry argument works in this context as well — see [161 Theorem 3.16]. □ 

3. Reproducing kernel {A, S)-correspondences 

The notion of a vector- valued reproducing kernel Hilbert space based on an operator- valued positive kernel 
has been a standard tool in operator theory as well as in other applications for some time now. Recently, 
Barreto, Bhat, Liebscher and Skeide [18] introduced a finer notion of positive kernel {completely positive 
kernel) and gave several equivalent characterizations, but did not develop the connections with reproducing 
kernel Hilbert spaces. The purpose of this section is to fill in this gap, as it is the natural tool for the 
discussion to follow. 

Let ;B be a C*-algebra and E a linear space. For some of the discussion to follow, it will be convenient to 
assume that B has a unit. However, any C*-algebra has an approximate identity (see [20l Theorem 1.4.8]); 
by making use of such an approximate identity, most arguments using a unit element Ig can be adapted 
to an approximation argument yielding the desired result for the general case where B is not assumed to 
possess a unit. In the sequel we usually leave the details of this adaptation to the reader. 

We say that _B is a (right) pre-Hilbert C* -module over B ii E is a right module over B and is endowed 
with a valued inner product (•,•)£; satisfying the following axioms for any X, ^ € <C, e, f, g € E and b G B: 

(1) (Ae + ///, g)E = A(e, g)E + nif, g)E\ 

(2) {e-b,f)E = {e,f)Eb; 

(3) {ejrE = {f,e)E; 

(4) {e,e)E > (as an element of B); 

(5) (e, e)^; = implies that e = 0. 
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We also impose that (Ae) ■ b = e ■ (Xb) for all e G E, b & B and A G C. Note that if B has a unit, this last 
condition is automatic from the axioms for the identification A ^ A - Ig and the axioms for E being a module 
over B. (Unlike some other authors, we take the S-valued inner-product to be linear in the first variable and 
conjugate-linear in the second variable as is usually done in the Hilbert-space setting (B = C) rather than 
the reverse.) Note that it then follows that 

{e,f-b)E = b*{e,f)E. 

When the inner product is clear, we drop the subscript E and write simply (e, /) for the H-valued inner 
product. If is a pre-Hilbert module over B, then E is a normed linear space with norm given by 

Hells =||(e,e)V2||^. (3^^) 

Here || ||b denotes the norm associated with the C*-algebra B. One can always complete to a Banach 
space in the norm l|3.ip to get what we shall call a Hilbert C* -module over B. Moreover, E has additional 
structure, namely E carries the structure of an operator space, i.e., E is the upper right corner of a subalgebra 
of operators acting on a Hilbert space with a representation as 2 x 2-block operator matrices (the linking 
algebra) — see [3T] or [33] ■ 

Given two Hilbert C*-modules E and F over the same C*-algebra B, it is natural to consider the space 
C{E,F) of bounded linear operators T: E ^ F between the Banach spaces E and F. Unlike the Hilbert 
space case, for a linear map T from E to F it may or may not happen that there is an adjoint operator 
T* e C{F, E) so that 

(Te, /)f = (e, T*/> e for all e e E and f e F. 

In case there exists an operator T* G C{F, E) with this property we say that T is adjointable and we denote 
the set of all adjointable linear operators between E and F as C^iE, F) (with the usual abbreviation C°'{E) 
in case E — F). When the mapping T: E ^ F is adjointable in this sense, necessarily T € C{E,F) with 
the additional property that T is a S-modulc map: 

T(e • b) = T(e) • b for all e S and b e B. (3.2) 

However, this additional property (|3.2p alone is not sufficient for admission of T in the class C°'(E,F) of 
adjointable maps (see [43l Example 2.19]). 

Following [3T1 [55] (see also the books [531 [33! for more comprehensive treatments), we now introduce the 
notion of an (^, S)-correspondence. If is a right Hilbert C*-module over B and A is another C*-algebra, 
we say that E is a, (A, B)- correspondence if E is also a left module over A which makes E an (A, Z?)-bimodule: 

{a ■ e) ■ b — a ■ {e ■ b) for all a G A, e £ E and 6 G S 

with the additional compatibility condition 

(a • e, f)E = (e, a* ■ f)E- (3.3) 

The compatibility condition in (|3.3p is equivalent to requiring that each of the left multiplication operators 
f{a) : e 1-^ a • e on _E is a bounded linear operator on E for each a A and 1^9 is a C*-homomorphism from A 
into the C*-algebra C'^{E) of bounded adjointable operators on E: thus (p{a) is adjointable for each a G -4 
with ip{a)* = ip{a*). We shall occasionally write ip{a)e rather than a ■ e. 

Note the lack of symmetry in the roles of A and B: the identities (e ■ b, f) = {e,f)b together with 
(e, f ■ b*) = 6 • (e, /) preclude the validity in general of the identity (e ■ b,f) = (e, / • 6*} (the would-be B 
analogue of (|3.3p ) unless B is commutative. 

If both A and B have units, we also demand that the scalar multiplication on E is compatible with both 
the identification A ^ Al^ of C as a subalgebra of A and the identification A Ale of C as a subalgebra 
of B. This is consistent with demanding the additional axioms 

(Aa) ■ e — a ■ (Ae), (Ae) • & = e • {Xb) 

for the general case. 
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The classical case is the one where E' is a Hilbert space £, B = C and A — JC{£) with the operations given 

by 

a ■ e = ae (the operator a acting on the vector e) 

e ■ b = be (scalar multiplication in £), 

(e,/) (the £ Hilbert-space inner product). 

Another easy example is to take E = B all equal to a C*-algebra with 

a ■ e = ae, e - b = eb, (e, f)E = /*e. 

We encourage the reader to peruse Section [6] for a variety of additional examples and references for more 
complete details. 

We will have need of various constructions for making new correspondences out of given correspondences. 
We give formal definitions as follows. 

Definition 3.1. (1) Direct sum: Suppose that E and F are two (^, i3)-correspondences. Then the 
direct-sum correspondence E ® F is defined to be the direct sum vector space E ® F together with 
the diagonal left-,4 action and right-yS action and the direct-sum S-valued inner product: 

a • (e © /) = (a • e) © (a • /), (e © /) • 6 = (e • &) © (/ • 6), 

(e © /, e' © /%ef = (e, e')£ + (/, /')f. 

(2) Tensor product: Suppose that we are given three C*-algebras A, B and C together with an {A^ B)- 
correspondence E and a {B, C)-correspondence F . Then we define the tensor product correspondence 
E®sF (sometimes abbreviated to E®F) to be the completion of the linear span of all tensors eiX)/ 
(with e e -E and f £ F) subject to the identification 

{e-b)®f = e®{b-f), (3.4) 

with left ^-action given by 

a ■ {e ® f) — {a ■ e) ® f, 

with right C-action given by 

(e0/) - = (/-c), 
and with C- valued inner product (•, ■)e®f given by 

(e (g) /, e' /V^F = ((e, e)E ■ f, f) p ■ 

It is a straightforward exercise to verify that the balanced tensor-product construction is well-defined. For 
example the computation 

((6-6)®/, {e'-b')®r)^{b'*-{e,e')-b-fj') 
= ((e,e')-6-/, b'-f) 
= (e®(6-/), e'®(6'./')) 

shows that the E F-inner product is well-defined. 

Remark 3.2. Bounded linear operators between direct sum correspondences admit operator matrix decom- 
positions in precisely the same way as in the Hilbert space case (B — C), while adjointability of such an 
operator corresponds to the operators in the decomposition being adjointable. For bounded linear operators 
between tensor-product correspondences the situation is slightly more complicated. We give an example how 
operators can be constructed. Let E and E' be {A, S)-correspondences and F and F' {B, C)-correspondences, 
for C*-algebras A, B and C. Furthermore, let X e C{E, E') and Y e C{F, F') be S-module maps. Then we 
write X for the operator in C{E ®s F, E' (8>b F') which is determined by 

X ® y(e /) = (Xe) ® (Yf) for each e® f E^bF. (3.5) 

The ;B-modulc map properties are needed to guarantee that for each e ® f € E ®b F and all 6 G we have 

X®Y{eb®f) = {X{eb))®{Yf) = {Xe)b®(Yf):^{Xe)®b{Yf) = {Xe)®{Y{bf)) 

= X®Y{e®bf). 
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Thus the balancing in the tensor product (see (|3.4p ) is respected by the operator X ®Y . Moreover, X (i)Y 
is adjointable in case X and Y are adjointable operators, with {X ® Y)* = X* ® Y* . Indeed, this is the case 
since ior f ® g ^ E ® F and e' ® f ^ E' ® F' we have 

{iX®Y){e^f),e'^f)E'^F' = {Xe®Yf,e' ®f)E'^F' 

= {{Xe,e')E'Yf, Df, 

- {Y(Xe,e')E'f, f')F' 

= {{e, X*e')Ef,Y*r)F 

= {e®f,X*e'^Y*f')E^F 

= (e®/, (X*®r*)e'®/')w. 

In particular, the left action on E ^ F can now be written as a i-* ^ Ip E C"" {E ^ F, E (g) F) , where 
Ip € C°'{F,F) is the identity operator on F. We will have occasions to use operators constructed in this 
way in the sequel. 

We now introduce the notion of reproducing kernel [A^B)- correspondence. 

Definition 3.3. Let A and B be C*-algebras. By an [A^B) -reproducing kernel correspondence on a set £7, 
we mean an (^, Z?)-corrcspondence E whose elements are valued functions /: (w, a) i— > f(uj,a) d B on 
X A, which is a vector space with respect to the usual point-wise vector-space operations and such that 
for each lu £ CI there is a kernel element k^^ E with 

,f(uj,a) = {a - f, k^)E- (3.6) 
When this is the case we say that the function K: il x ^ C,{A, B) given by 

K{Ljj,uj')[a]^k^,{uj,a) (3.7) 
is the reproducing kernel for the reproducing kernel correspondence E. 

From the inner product characterization in (|3.6[) of the point evaluation for elements in an {A, B)- 
reproducing kernel correspondence i? on SI one easily deduces that the left ^-action and the right S-action 
are given by 

[a ■ f ){uj', a') = f{oj\ a' a) and (/ • h){uj' , a') = f{oj\ a')b. (3.8) 

It is implicit in Definition 13.31 that the map a i— > fc^'(cij,a) g S is linear in a G ^ for each € O. In 
fact the mapping from AtoB given by a i-^ /(w, a) is ^-linear for each fixed f £ E and oj G CI. li A has a 
unit IjX, this follows from the general identity /(w, a) — {a ■ f ){u:, 1a) (a consequence of p.Sp together with 
the linearity of the point-evaluation map / i— > /(w, 1^) from E to B for each fixed uj G CI which in turn is 
an easy consequence of (j3.6l) ). The general case follows by adapting this argument to the setting where one 
has only an approximate identity. Note also that we recover the element k^^ from K by using formula (j3.7p 
to define ki^i as a function of (w, a) for each uj' G Cl. 

The next proposition gives some elementary observations concerning the structure of reproducing kernel 
correspondences . 

Proposition 3.4. If E is a reproducing kernel (A, B) -correspondence with kernel elements k^ for oj £ CI, 
then the hounded evaluation map e^^a from E to B given by e^^.a : / >—>■ f{LU,a) is adjointable for each fixed 
(w, a) G CI X A and we have 

a*ki^b = e^j Jd for each uj G Cl, a G A, and b £ B. (3.9) 

Conversely, suppose that E is an {A, B)- correspondence of B -valued functions on the set CI x A satisfying 
p.8p and .such that the evaluation map 

euj,a- f f{^,a) 

is a bounded and adjointable map from E to B for each uj £ Cl and a E A. Then E is a reproducing kernel 
{A, B)- correspondence with reproducing kernel elements determined by (|3.9p . 

Moreover, in either case, for each fixed {uj, a) the point- evaluation map Cui^a '. E B is a B-module map: 

(/ • 6)(w, a) = /(w, a)b for all b <E B. 
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Proof. Suppose E is a, reproducing kernel {A, S)-correspondence with kernel elements for w £ fl. If e^,a 
denotes the evaluation map from E to B given by e^^a ■ f '—^ /(<^j a)i we have 

{eu.af, b)B = b*f{uj, a) ^ b* {a ■ f, k^)E = (/, a*k^ ■ b). 

So Cui^a is adjointable with e* ^,6 = a*k^b for any h ^ B. 
On the other hand, if the evaluation map 

is a bounded and adjointable map from E to B for each cj G i7 and a £ ,4, then there exists an e* ^ so that 

b*{euj,af) = {eu,af,b)B = {f,e.l,ab)E- 

If ^ and S have identities 1_4 and respectively, we set k^ = e* ^^(le)- Using the first identity in (|3.8p it 
follows from a computation similar to that above, that a*ki^ — ai^B)- We readily see that 

/(w, a) = e„,a/ = (/, a*k^)E ^ {a - f, k^)E- 

If ^ and/or B does not have a unit, one can do an approximate version of the above argument using 
an approximate identity for A and/or B. In any case, it follows that i? is a reproducing kernel {A,B)- 
correspondence with reproducing kernel elements determined by (|3.9p . 

The last part follows from the definition of the right Z?-action given by p.8p . □ 

Given a reproducing kernel [A, S)-correspondence as in Definition 13.31 one can show that the associated 
reproducing kernel function K: SI x ^ ^^{A, B) defined by p.7p is a completely positive kernel in the sense 
of [H], i.e., the function 

((w, a), [uj' , a')) K(w, a;')[a*a'] 
is a positive kernel in the classical sense of Aronszajn (extended to the C*-algebra- valued case), that is, 
X]ij=i b*^(uji, ujj)[a*aj\bj is a positive element of B for each choice of finitely many {oji, ai), . . . , {ojn, on) in 
QxA and bi, . . . ,bj^ in B. In fact, by the axioms of an {A, S)-correspondence combined with the reproducing 
property of the kernel elements fc^^, we have 

N N 

b*K{u!i,u)j)[a.i*aj]bj ^ ^ b* {ai*ajk^. , k^^) sbj 

N 

= {ajk^^bj,aik^^bi)E 

/ N N \ 

i=l / ^ 

> 0. 

Actually, wc have the following equivalent statements. 

Theorem 3.5. Given a function ¥i: Q x Q ^ C{A,B), the following are equivalent: 

(1) K is a completely positive kernel in the sense that the function from (fl x A) x (fl x A) ^ ^{A, B) 
given by 

{{uj,a),{uj',a')) ^K{Lu',u;)[a*a'] 
is a positive kernel in the sense of Aronszajn: 

N 

y^ b*K{uji, ujj)[ai* aj]bj >0 in B for all {oJi, oi), . . . , {ojn, ow) G SI x ^ and bi, . . .b^ E B. 

i,J = l 

(2) K has a Kolmogorov decomposition in the sense of [fS], i.e., there exists an (A, B)- correspondence 
E and a mapping oj ^ k^^ from f2 into E such that 

K(w', uj)[a] = {a ■ kui, k^i)E for all a £ A. 
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(3) K is the reproducing kernel for an {A, B) -reproducing kernel correspondence E = -E(K), i.e., there 
is an {A, B)- correspondence E = E{K) whose elements are B -valued functions on Q. x A such that 
the function k^^ : (w', a') i-^ K(a;', uj)[a'] is in E(1C) for each a; G O and has the reproducing property 

{a ■ f, k^)E(K) = (/, a* • kuj)EiK) = /(t^, a) for all uj E ^ and a e A 
where a* ■ fc^ is given by 

{a* ■k^){u;',a') =K{Lu',u;)[a'a*]. (3.10) 

Proof. For the equivalence of (1) and (2), we refer to Theorem 3.2.3 in [TB]. The argument in the paragraph 
preceding the statement of the theorem shows that (3) =^ (1). To see that (2) (3), assume that E is 
an i3)-correspondence as in (2). Without loss of generality we may assume that 

E = spaSi{a- k^b: a e A,uj eQ,b e B}. (3.11) 

We view elements f oi E as ;B-valued functions on 51 x ^ by defining 

f{uj, a) ~ {a ■ /, k^) E for each uj G fl and a G A. 

The nondegeneracy assumption (|3.1ip says that 

/(w, a)b = for all a e A, b e B, Lu e n =^ f = in E. 

Hence the map / i-^ /(•, •) is injective. Finally (|3.10p holds by definition. □ 

We now tailor this general theorem to the case where B = C{£) for a Hilbert space £. Note that £ is 
a (£(f ), C)-correspondence, i.e., a Hilbert space with a ^-representation b i-^ (p{b) e jO-{£) of C{£) (namely, 
the identity representation). Hence, given that E is an (^, £(i?))-correspondence, we may form the tensor 
product E ®c{£) £ to obtain an (^, C)-correspondence, i.e., a Hilbert space which we will denote by Ti 
equipped with an /3(7i)-valued ^-representation tt: ^ — > C{Ti.) of A. Similarly, if we view B = C{£) as a 
(£(f ), £(£))-correspondence, we may form the tensor product C{£) ^ £ io arrive at the Hilbert space £, 
via the balancing (|3.4[) . viewed as a (£(f ), C)-correspondence. Let us suppose also that £' is a reproducing 
kernel correspondence. Then via the formula f^eGE^£i-^ /(w, a) (8> e G C{£) (8) £ for each cj G 51 and 
a € A extended via linearity and continuity to the whole space E ^ £, we may view each f G H = E (E> £ as 
a ^-valued function on fl x ^ such that point-evaluation f t-^ f{Lu,a) is continuous, i.e., 7i is a reproducing 
kernel Hilbert space of vector- valued functions on fl x A, but with the additional wrinkle that there is also 
a representation a i— >• 7r(a) of ^ on H with n{a){f e) = (a ■ /) (8) e such that 

(7r(a)(/ (g, e))(w', a') = f{J, a' a) ® e 

with reproducing kernel (in the sense of a vector-valued reproducing kernel Hilbert space) K{-^-) of the 
special form 

K{{Lo',a'),{uj,a))=K{J,Lo)[a*a'] 

for a completely positive kernel K: fl x 11 ^ C.{A, C{£)): for f G H{K), e e £ and (w, a) e fl x A, 

(f,K(.,c^)He)w = (f(c^,a),e}£ 

where K is completely positive. This leads us to an alternative reproducing-kernel interpretation of a com- 
pletely positive kernel K: 51 x 51 ^ J0.{A, B) for the case where B — C{£) for a Hilbert space £. 

Theorem 3.6. Suppose that A is a C* -algebra, £ is a Hilbert space and that a function IK: 51 x 51 — > 
C{A, C{£)) is given. The following conditions are equivalent. 

(1) The function K is a completely positive kernel in the sense that 

N 

^ (K(w„Wj)[<aj]ej,e,) > 

ij = l 

for all finite collections Wi, . . . , wat G 51, ai, . . . , G A and ei, . . . , e^ G £ for N — 1, 2, ... . 

(2) The kernel IK has a Kolmogorov decomposition: there is a Hilbert space Ti. together with a *- 
representation tt: A—^ C.i'H) of A and a mapping H . C{Ti.,£) so that 

K{uj',Lu)[a] = H{uj')n{a)H{ujy. 
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(3) There is a (A, C)- correspondence, i.e., a Hilbert space 7i — 7i(K) together with a * -representation 
a <—>■ 7r(a) G 'C(7i) of A whose elements are £ -valued functions on D, x A such that: 

(a) The * -representation n is given by 

{TT{a)f){uj',a') =i{uj',a'a). 

(b) The function k^^: x A C{£) given by 

k^{uj',a'): e ^ ¥^{u}' , uj)[a']e 

is such that k^jC £ W(]K) for each lj £ VL and e £ £ and has the reproducing kernel property: 

(f,7r(a)*fc^e}-H(K) = (f(w,a),e)£. 

Let us say that the object described in part (3) of Theorem l3.6l a reproducing kernel Hilbert correspondence 
(over the C*-algebra A with values in the coefhcient space £). 



Remark 3.7. If 7i(K) is a reproducing kernel Hilbert correspondence space as in part (3) of Theorem 
a special situation occurs if the coefficient space £ is also equipped with a ^-representation irg: A ^ ^{^)- 
In this case it may or may not happen that point evaluation is an ^-module map, i.e., that 

(a-/)(w',a') =a-/(w',a') or equivalently (7r(a)/)(w', a') = 7r£(a)/(w', a'). (3.12) 

When (|3.12p does occur and if also A has a unit 1^, one can show that the associated completely positive 
kernel K(a;,a;')[a] has the special property 

M.{uo,uo')[a*a'] = Tie{a)*K{uo,uo')[lA]TT£{a') (3.13) 

and hence complete positivity of K reduces to standard (Aronszajn) positivity for the kernel Kq : f2 x 51 — > 
L{£) given by 

Ko{iO,Lo')=K{LO,Lo')[lA]. 

Indeed, the computation 

{K{uj,uj')[a*a']e' ,e)£ = {a*a' ■ k^>e' , k^e)u(K) 
= {{a*a' ■ k^ie'){Lu), e)s 

— {a*a' ■ {k^ie'){uo), e)^ (by assumption (|3.12p ) 
= {a'{k^:e'){uj),ae)e 

— {{a' ■ k^ie'){uj),ae)£ (by (|3.12|) again) 
= (a' • k^>e', k^{ae))H(K) 

= (K(uj,uj')[a']e' , ae)£ 
= {a*'K{uj,u!')[a']e' , e)£ 

shows that 

K{uj,uj')[a*a'] = a*K(uj,uj')[a']. (3.14) 
On the other hand, the positive-kernel property of the kernel 

{{oj,a), {uj' ,a')) ^ K{{LU,a), {uj' ,a')) := K{uj,uj')[a*a'] 

implies that K is Hermitian, i.e., K{{oj, a), {uj' , a')) — K{{uj' , a'), {oj, a))* , i.e., 

K{uj,uj')[a*a'] = (K(w',w)[a'*a])* . 

In particular, 

K{Lo,Lu')[a'] ^ {K{uj',Lj)[a'*])* 

= (a'*K(^',c^)[U])* (by dsn) 
= K(w, a;')[l_4]a' 

and hence also 

K{Lj,Lj')[a'] =K{uj,uj')[lA]a. (3.15) 
Combining (j3.14|) and ()3.15p gives ()3.13p as claimed. 
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4. Function-theoretic operator theory associated with a correspondence E 

In this section we obtain the analogues of Hardy spaces, Toeplitz operators, Z-transform and Schur class 
attached to a ^-W^*-correspondence E together with a ^-representation a of A. These results flesh out more 
fully the function-theoretic aspects of the work of Muhly-Solel [3T1 [33l [36] . 

4.1. Hardy Hilbert spaces associated with a correspondence E. In this section we shall consider 
the situation where A = B; we abbreviate the term ^)-correspondence to simply ^-correspondence. 
We also now restrict our attention to the case where „4 is a von Neumann algebra and let -E be a .A- 
VF*-correspondence. This means that E' is a ^^-correspondence which is also self-dual in the sense that 
any right A- module map p: E —^ A is given by taking the inner product against some element of E: 
p{e) = {e,ep)E G A. Moreover, the space £"'{E) of adjointable operators on the VF* -correspondence E is in 
fact a VF*-algebra, i.e., is the abstract version of a von Neumann algebra with an ultra- weak topology (see 

Since i? is a ^-correspondence, we may use Definition 13. II to define the self-tensor product E'®^ = E®j\E 
which is again an ^-correspondence, and, inductively, an ^-correspondence E"®" = (^^("-i)) for each 

n = 1, 2, . . . . If we use a i—>- ip{a) to denote the left ^-action ip{a)e = a • e on E, we denote the left ^-action 
on E®" by -^("^i 

V'^"^ (a) : (.n ® ® • • • ® a ^ {<f{a)^n) ® 61- 1 ® • • • ® 6- 
Note that, using the notation in p.Sp . we may write 93^"^ (a) = ip{a) Iesi^-i- We formally set E®'^ = A. 
Then the Fock space J-''^{E) is defined to be 

^2(^) ^ e^^oE®" (4.1) 
and is also an ^-correspondence. We denote the left ^-action on J-{E) by ifioc'- 

oc 

'Poo (a) : ©5f.o ^ ®,T=o(^^"n«)e<"^) for ©-=0 ^^"^ e E^'' , (4-2) 

n=0 

or, more succinctly, 

^oo{a) = Aia.g{a,ip^^\a),ip^'^\a), . . .). 
In addition to the von Neumann algebra A and the ^-correspondence E, suppose that we are also given 
an auxiliary Hilbert space £ and a nondegenerate *-homomorphism a: A^ ^{^)\ ^ this will be the setting 
for much of the analysis to follow, we refer to such a pair (E, a) as a correspondence-representation pair. 
Then the Hilbert space £ equipped with a becomes an {A, C)-correspondence with left ^-action given by a: 

a ■ y = <j{a)y for all a £ ,4 and y E £. 

We let E®„£ be the associated tensor-product [A, C)-correspondence E®j(£ as in Definition 13. II As J-'^{E) 
is also an ^-correspondence, we may also form the (A, C)-correspondence 

00 

T^{E, a) T\E) £ = 0(E®" ®, £), 

n=0 

with left ^-action given by the ^-representation 

'Poo,a{a) = fooia) (E) Is- 

It turns out that J^^(E, a) is also a {a{Ay , C)-correspondence, where a{Ay C C{£) denotes the commutant 
ota{A): 

a{Ay = {6 G C{£) : ba{a) = a{a)b for aU a e A}, (4.3) 
and the left CT(A)'-action is given by the ^-representation Loo,a of a{Ay on C{!F^{E, ct)): 

i^cK,,a{b) = I:f^{e) ® b for each b G o-(A)', (4.4) 

using the notation in (13. 5p . Note that b G J0{£) is in (j{Ay precisely when b is an ^-module map, so that 
Ijr2(^E) ®b is a. well defined operator on J-'^{E, a). Moreover, (poo,<j{0') commutes with too.(T(^) for each a ^ A 
and b G cr{Ay since 

<foc,,a{a)t-oo,<T{b) = <~Poo{a) ®b = l.oo,a{b)(Poo,a{a). 

Thus ioo,i7{b) is a ^-module map for each 6 G c(-4)' and </3oo,cr(a) is a (7(A)'-modulc map for each a G A. 
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We denote by the set of all bounded linear operators /i: £ — > (E)cr £ which are also ^-module maps: 

^ {^i: £ ^ E(^^£: fia{a) = {ip{a) ® Ig)^}, (4.5) 
and {E'^Y for the set of adjoints (which are also ^-module maps): 

{E")* ^{ri:E®a£ -^£-.1^* eE"}. (4.6) 
More generally, for a given 77 G (i?"^)*, we may define operators 77" : E'®" £ ^ £ [generalized powers) 

by 

77" = 77(/ij ® 77) • • • {Ie»^-i ® 77) 

where we use the identification 

®, £ = ®^ (£; 0, f ) 

in these definitions. We also set rf = ^ ^{£)- Again the fact that rj is an ^-module map ensures that 
Ie®'' <8) 7? is a well defined operator in £(£'®'^+^ ®„ £,E^'' (>^„ £). The defining ^-module property of 77 in 
(14. 6p then extends to the generalized powers r/" in the form 

77"(^(")(a)®/£)=.a(a)77", (4.7) 

i.e., 77" is also an ^-module map. 

Denote by Ji{{E'^)*) the set of strictly contractive elements of (E'^)*: 

©((£;-)*) = {77 £(£;-)*: ll^ll<i}- 

Then, for r] G I}{{E'^)*) and h G cr(^)', we may define a bounded operator / ^ f^iVi^) from !F'^{E,a) into 
£hy 

00 oc 

r(77,6) = ^77" (.,,,, (&)/)„ - ^7;"(/b«. ® &)/„ if / = (B^=ofn- (4.8) 

n=0 n=0 

Note that the fact that ||7;|| < 1 guarantees that the series in (j4.8p converges. The ^-module properties 
of Loo.rrib) and each generalized power 77" (see ()4.7p ) for given G cr(^)' and 7/ G D((£^'^)*) imply that the 
point-evaluation / 1-^ /^(?/, b) is also an ^-module map: 

(¥'oo,.(a)/)^(r/,6)-<T(a)r(7;,6). 

However, the point-evaluation / i~> f^{ri,b) is not a CT(^)'-module map, i.e., there is no guarantee for the 
general validity of the identity {Loo,a{b)f)^{rj' ^b') = bf^{ri',b'), but rather we have the property 

iiooAb))fnv',b')^.r{v',b'b). 

We denote the space of all ^-valued functions on ^{{E"')*) x a{Ay of the form (7;, b) 1-^ /^(t/, b) for some 
/ G J-^{E,a) by H^{E,a) with norm ||/^ ||ij2(£ chosen so as to make the map / ^ a coisometry from 
{E, a) to H^{E, a): 

H\E,a) = {r:fe T^{E,a)} with Wf^U^^E^a) = ll^(Kcr*)^/ll^2(B,.) 

where we denote by $ (the generalized Fourier or Z-transform for this setting) the transformation from 
T'^{e,a) into H'^{E,a) given by 

(4.9) 

Then we have the following result. 

Theorem 4.1. The space H^[E,a) is a reproducing kernel Hilbert correspondence 7i(K) (as in part (3) of 
Theorem \8.6\) over a [A)' consisting of £ -valued functions onO{{E'^)*) x a{Ay with the ^-representation of 
(j{A)' given by 

(6 • r )(77', b') = (.oo,.(fo)/)^(^', b') for b G a{Ay. (4.10) 
The completely positive kernel M. associated with H^{E,a) as in Theorem \3.6\ 

KE,a : BiiE'^Y) X BiiE-)*) ^ £{<j{Ay , £{£)) 
is the Szego kernel for our setting given by 

00 

^eAv, 0[b] = E v"{Ie^- ® b){Cr for b G a{Ay. (4.11) 

n=0 
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Proof. Define $ : !F'^[E, a) H^{E, a) as in (|4.9p . By the definition of the norm on H'^iE, c), $ is a coisom- 
etry. For each h e (j{A)' and rj G D((i?°')*), define an associated controllability operato^ Cb n '■ ^"^{E, a) ^ £ 
by 

Cb,^: f ^ n^.h) \if^T\E,<j). 

By definition, 

Ker$= Pi KerCb,^. 

66o-(yt)',»?eD((B'')*) 

The initial space of the coisometry $ is the orthogonal complement of its kernel, namely 

(Ker$)-^ =span{Ranq^: b ^ a{A)' , rj eMiE")*)}, 
where the observability operator ^ is given by 

We compute 

(r(C,6),e)£ = (Cb,c/,e)£ 

= {fiCl^e)jr2(^E,cr) 
^{rMCl^e))HHE..a) 

= {f\b* ■^{C%^^e))H^E^.). 
where we use the fact seen above that C^^-e is in the initial space of $ and that ^{{Ijr2{E) ® b)f) = 
for each b G cr(^)' and / S !F'^{e,a). Hence the operator 

kE.a-x ■=<^C%,^:£^H^E,a) 

has the reproducing property for H^{E,a-); see part (3.b) in Theorem 13.61 Since $ is a coisometry and 
le £ a{Ay , we obtain that the reproducing kernel IK^; ^ is necessarily given by 



5]7y"(/B«„®&)(c"r 

n=0 



in agreement with (|4.1ip . □ 
From the proof of Theorem 14.11 we see that we have the identification 

b* ■ kE,cr-7je = Cb,,^e = ©5^o(-^-E»" ^ b*)r]"*e 
and the initial space for the coisometry $: J-'{E) ®o- £ H^{E,a) can be identified as 

[T{E) ®„ £:]i„iti,i = span{6 • kE,a;^e : b e t] £ B{{E")*), e e £}. (4.12) 

4.2. Analytic Toeplitz algebras associated with a correspondence E. Given an ^ — W^*-correspon- 
dence E, we let J-'^{E) be the associated Fock space as in (|4.ip . We have already defined the ^-representation 
of A to jC,'^{!F^{E)) given by a i-^ (poo{a) as in (|4.2p . If we view operators on J-^{E) as matrices induced 
by the decomposition {E) = ^"^'^ -^^ ' ^^^^ each ipoo (a) has a diagonal representation 

Voo(a) = diag„^Q (/3^"^(a). In addition to the operators (/3oo(a) G C°'{T'^{E)), we introduce the so-called 
creation operators on J-''^{E) given, for each ^ G iJ, by the subdiagonal (or shift) block matrix 

■•• 



T^°^ 
T^^^ 



^The terminology is motivated by connections with system theory; for a systematic account for the Drury-Arveson and 
free-semigroup algebra settings, we refer to 1101 . 
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where the block entry T^^"^ : S"^" £'®«+i is given by 

T^'"' : ® • • • ® ^ C «) «) • • • ® 6- 

The operator is also in C"'{J-'^{E)). In summary, both and (fooio.) are „4- module maps with respect to 
the right ^-action on J-^{E) for each ^ ^ E and a G A. Moreover, one easily checks that 

(Pooia)T^ ^ Ta^ = T^(^a)^ and T^ipoo{a) = T^a for each a e ^ and ^ G i^. 

We let !F°°{E) denote the weak-* closed algebra generated by the collection of operators 

{(poo{a), T^: a e A and ^ G i?} 

in the W^*-algebra C°-{J-{E)) — we prefer this notation over the notation H°°{E) used for this object in 

[siiisa. 

Suppose now that we are also given a ^-representation cr of ^ on a Hilbert space £. Rather than the 
algebra T°°{E) of adjointable operators on the ^-correspondence T'^{E), our main focus of interest will be 
on the algebra T°°{E) ® Ig of all operators on the Hilbert space J^{E,(j) of the form R = T ® Ig with 
T S T°°{E) acting on the Hilbert space T^iE, a). Note that the operator R = T ® Ig is properly defined 
since R is an y^- module map with respect to the right y^-action on (E) . For convenience we shall use the 
abbreviated notation 

T°°{E,a)=T°°{E)(E)l£, 

and 

¥'oo,cr(a) — (yS 00(a) (g) /g and T^,cr = ® for all a e ^ and £^ e E. 
The algebra T°°{E,<t) can also be described as the weak-* closed algebra generated by the collection of 
operators 

{(^oo,.(a), T^,a : a e A e e S}. (4.13) 
The following alternative characterization of T°°{E, a) will be useful. Here we define E'^ and cr{Ay as in 
()4.5p and (|4.3p . Note that each clement fi of E'^ induces a dual creation operator „ in C°-{T'^{E, a)) given 

by 



■ 








rpd,{0) 











rpd.{l) 






where T]l]i^' : E®" ®a S ^ £;®"+i £ ig given by 

where as usual we make the identification 

E®"" ® (E ®„ S) = (g)^ 8. 

Using the notation in (|3.5p we can write T'^^ — Ij^^i^e) ® M; where we identify J^{E) E with T^{E), 
which makes sense because fj, is an ^-module map. Also recall that Loc.a in (|4.4p defines a ^-representation 
ofa{Ay onT^{E,a). 

Proposition 4.2. An operator R € L{J-'^{E, a)) is in J-°°{E, tr) if and only if R commutes with each of the 
operators Ij^(e) ®cr b and T'^ ^ for b € criA)' and /x G E"^ . Consequently, the operator R G C{J-^{E, a)) with 
infinite block-matrix representation 

R = [^»,i]i,j=o,i,2,... where Ri^j : E®^ ®„ £ ^ E®^ ®„ £ 

is in T°°{E,<j) if and only if R is lower triangular (Rij — for i < j) and for i > j Rij satisfies the 
following compatibility (Toeplitz-like) conditions: 

Ri,]{lE«>o <E)b)^ (IeS)' <E) b)Ri^j for all b G (t{A)' , (4.14) 

i?i+ij+i(/£;«j (g) fi) = {lE»i (E) fJ-)Ri,j for all ^ G E"' . (4-15) 

and hence, inductively, 

R,jfi^ = {Ie<s>^-j (8)At^')i?,_j,o, (4.16) 
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where fi^ — ((/i*)^)*, with {fi*y the generalized power of fi* G {E'^)* . 

Proof. The first part follows from Theorem 3.9 of [33]. The second part is then a straightforward translation 
of these commutativity conditions to expressions involving the block entries. □ 

Taking the cue from Proposition [4?2l we view elements R of J-°°{E,a) as the analytic Toeplitz operators 
for this Fock-space/correspondence setting. 

While it is in general not the case that R(T^^^)* = {T^^a)*R for R e T°°{E, a) and /i e E" , this is almost 
the case as is made precise in the following proposition. 

Proposition 4.3. For R e J^°°{E, a) and ^ e E"^ , we have 

-R(^/^,(T)*le~=i-E»"«i£ = (T)^,CT)*-Rle~=i-E®"«i£; (4-17) 
or, in terms of matrix entries, we have inductively 

RijilE'Sj = {lE'S'i ® v)Ri+i,j+i for all i, j = 0, 1, . . . . (4.18) 

forri^^i* e {E'^y. 

Proof. To prove that (|4.17p holds for all R G T°°{E,a), it suffices to show that it holds for each R in the 
generating set (|4.13p . We are thus reduced to showing that (|4.18p holds for all R of the special form <^oo{o) 
for an a G ^ and for a ^ G -E. This in turn is a routine calculation which we leave to the reader. □ 

Suppose that we are given R G J-°°{E,a). We regard f as a subspace of J-^{E,a) via the identification 
y^yOOffiO©---. Then the restriction of i? to £" defines an operator from £ into J-^{E, a) where we have 
a point evaluation in D((i?'^)*) x cr(^)' defined in (|4.8p . We may then define an operator R^{t]) G C{£) by 

i?^(77)e = (i?e)^(7?,/£). 

Explicitly, we have 

oo 

Note that, as a consequence of Proposition 14.21 the full function f{r],b) = {Re)^{ri,b) is then determined 
from R^{r]) and e G £ according to 

(i?e)^(?7,5) = (to,,,(fe)i?e)(ry,/£) = (i?ioo,a(&)e)(77, /f) - iRbe){v) = R'^Mibe) 

for 77 G B{{E'')*) and 6 G cr{Ay. This implies that if we would extend the point evaluation to ©((i;'^)*) X(T(y4)' 
by R^{ri,b)e — {Re)^{ri,b), the result would just give R^{ri,b) — R^{ri)b. 
It is of interest that this transform R R^{-) is multiplicative. 

Proposition 4.4. (1) Suppose that R and S are two elements of J-°°{E,a). Then 

{RSr{r^)=R\r^)S'^{i^) 

for allri G ©((i;'")*). 

(2) Suppose that R is an operator in J^°°{E,a) and that f is an element of J-^(E,a). Then 

iRfnrj,b)^R'^{rj)f'^{rj,b) (4.19) 

for all T] G BiiE^y) and b G a{Ay . 

Proof. Suppose that R = [i?ij]i.j=o,i,... is an operator in !F°°{E,a) and that / = (B°Zq fj is an element of 
J-'^{E,a). We first note that a special case of ()4.18|) is 

Re,oV = {Ie»^ ® v)Re+i.i- 

Iteration of (|4.18p in turn leads to 

R/. orf = Ie^^ «) V^Re+j.j ■ E'^^ ®„£^ E'^'^ ®„ £. (4.20) 
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Then we compute for 77 G ]D{{E'^)*) and b e (t(^)' that 



\£=0 / \j=0 



oc 



OC 

= E ?7'+-''^«+j,,(/i=;«. ®&)/, (by 6201)) 
1,3=0 

CO 

= J2 v''^'{lE^^+^®b)Ri+j,,fj (by 631) 

00 / n 

00 

n=0 

and part (2) of the Proposition follows. Part (1) follows as the special case where b = Is and f = Se for 
arbitrary e G £. □ 

Remark 4.5. We note that a consequence of the formula (|4.19p is that the operator Mj^a of multiplication 
by i?^ on H^{E,a) 

Affl.: r (77,6) H-i?^(?7)r (??,&) 
commutes with the (T(^)'-left action on H^{E,a): 

Mra {b ■ /^) - b ■ MR.r where {b ■ /)^(r,', 6') = /^(t]', 6'6) 

for all b, b' G cr(A)' and ry' G D((£^'^)*). This can also be seen as a consequence of applying the Z-transform 
to the identity 

Ri-oo.crib) = too,c{b)R for all b G (t{A)' 

given in Proposition [121 

Proposition 14.41 leads immediately to the following corollary. 

Corollary 4.6. (1) The kernel of the Fourier transform (S? : f —> in J^'^{E,a) 

Ker $ = {/ G T^{E, a) : /^(?7, b) ^ for all r/ G BUE")*) and b G a{AY} 

is invariant under the analytic Toeplitz operators: 

/^(t], 5) = for all r] G ^{{E")*) and b G ct(^)', i? G J^°°{E,(j) 

=> {Rf)^{rj,b) = /or a?/ 77 G BUE")*) and b G ct(^)'. 

(2) The initial space cr)]initiai of the Fourier transform $ is invariant under the adjoints of the 

analytic Toeplitz operators: 

f G [T\E,a)Uti.u R G T'^{E,<j) =^ R* f e [T^E , ct)] initial- 

Explicitly, the action of R* on a generic vector in the spanning set 632) for [J-'^{E) (E)a i^^]initiai is 
given by 

R*{b* ■ kE^a;r,)e) = b* ■ k E ,a -rj R"" {vT e ■ 

Proof. If f^{ri, b) — for all r/ and b, then, by (|4.19p we see immediately that 

{Rfnv,b)^R'^{v)r{v,b)^o 

for all 77 and b as well as for any R G J-'°°{E,a). The first part of the second statement then follows by 
simply taking adjoints. 
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To verify the second part of the second statement, it suffices to verify on the generators i? = and 
R = (fiia) tor ^ € E and a G A; this in turn is straightforward. □ 

Remark 4.7. We note that the definition of B.^{ri) involves only the first column of R. From the relations 
(|4.16p and (|4.14p one can see that the first column of R already uniquely determines the action of R on all 

of a)] initial. 

Remark 4.8. Let /i G E'^ and rj G (£'"")* and b G {a{A)y. Then an easy verification using the relations 
fi(7{a) = {(p{a) ® /f)/^ and cr{a)ri = ri{ip(a) /g) shows that 

v{lE^b)^iea{Ay. (4.21) 

This observation has several consequences. 

(1) Given fj, G E"^ and r/ G {E")* we may define a mapping 6*^.^ on (j{Ay by 

^vA^) =ri{lE®h)n. 

Iteration of this map gives 
and more generally 

where we make use of the generalized power 77" for an element r] of {E°')* (and set /i" = ((/i*)" )* : £ — > 
-B®" (8)<T f ). For r/, C e ©((£;'")*), we may take n = C and then we have ||6'^,c- II < 1- Then we may 
use the geometric series to compute the inverse of / — 0,,,^ * to get 

oc oc 

(/ - 9,,c'r\b) = 5](^,,c.)"(&) = E '?"(^^^«" ® 

n=0 n=0 

We conclude that the Szego kernel (14. lip can also be written as 

This is the form of the Szego kernel used in [331 ISS] ■ 

(2) Suppose that we are given two elements 77, C G E°'. The special case of (|4.2ip with b = Ig and 
r] = fi'* for a /x' G -E'" enables us to define a cr(.A)'-valued inner product on E"^: 

= fj.'*pL G (j{Ay for G E". 

Moreover one can check that has a well-defined right CT(.A)'-action 

(m • &)(e) = Ai(&e) 

and a well-defined left cr(^)'-action 

(6-Ai)(e) = (lE<E>b)fi{e). 

It is then straightforward to check that E°' is a cr(y4)'-correspondence. This observation plays a key 
role in the duality theory in [33] (see also Proposition 14.21 above). 

Next we introduce the space 

H°°{E, a) = {i?^ : i? G T°°iE, a)}, 

where we interpret R^ as a function mapping B>{{E°')*) into C{£). Then H°°{E,a) is closed under addition 
((i?i -I- i?2)^ = Ri + -^2 )i scalar multiplication ((Ai?)^ = Ai?'^) and pointwise multiplication (Proposition 
14.41 (1)). Moreover, part (2) of Proposition [44] implies that a function 5* G H°°{E, a) defines a multiplication 
operator Ms on H^{E,a) by 

{Msr){v, b) = S{f])f^{v, b) for each 77 G ©((i;^)*), 6 G a{Ay , G //^(i;^ (4.22) 

In fact, we have the following result. 
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Proposition 4.9. A function S : 'D{{E°')*) C{£) is in H°°{E,a) if and only if S defines a multiplication 
operator Ms on H'^{E,a) by UJ^ . In case S G H°°{E,a), we have \\Ms\\ < \\R\\ for each R e T°°{E,a) 
with S = R'^ and there exists a R (z J-°°{E,a) with S — R^ such that IIA/5II = ||i?||. Moreover, if 
S G H°°{E,a), then Ms is a a{A)-module map that in addition commutes with the operators 

^{Ij^(E} ® A^)** for each ^ e E'^ . 

Here $ is the coisometry from J-'^{E, a) into H^{E, a) given by ^ : f 1-^ f^ . 

Proof. We already observed that 5 G H°°{E,a) guarantees that Ms in (|4.22[) defines a muhiphcation 
operator on H^{E,a). Moreover, for R G T°°{E,a) with S = R^ we have 

{Ms<i>f){v,b) = {Msf^}{v,b) ^ S{v)f^{rj,b) = R'^{v)f{rhb) - {Rfnv,b) = mf){v-b) 

for each / G T^iE, a), rj G B{{E'')*) and b G a{AY. Hence 

Ms<^> 

In particular we have Ms = ^R^* and thus HMgH < ||i?|| since $ is a coisometry. 

Now assume that S defines a multiplication operator Ms on H^{E,a) by (I4.22p . The definition of AIs 
and of the left action on H'^iE, a) in (|4l0l) shows that, for b, b' G a{Ay and ry G BdE")*), we have 

{Msb'f''){Tj,b) = S{Tj)f''{v,bb') = (b'Msf'^){v,b) for each ^ e H^E,a). 

Hence Ms is a CT(^)'-module map. 

We now show that there exists R G T°°{E, a) with R^ = S. We first note that 

00 

((/^2(£;) = ^ ry" (/£;»„ «)&)(/£;®„-l 0/x)/„_i 

n=l 

00 

- Y,v"'\lE^"-'^v{lE'»b)fi)fn-i (4.23) 

n=l 

= r(77,r;(/£®%) (4.24) 

where we use the observation from Remark 14.81 that r]{lE 6)/i is in a-{Ay . 

From ()4.24|) . it readily follows that /jf2(£;-) (g) fi on lF'^{E,a) leaves Ker$ invariant. The same holds for 
the operator Ijr2(^E) ® b. Consequently, denoting by P{= $*$) the projection on Q = (ker $)^, we note that 

PX = PXP for X = Ijr2(E) ® l^,l3^^E) ® b. 

We show that the operator ^*Ms^ commutes with Iy^{E) b' for all 6' G ((t(^))'. To see this, let 
/ G J^^iE^a) and <i>*Ms^{Ijr^E) ® b')f = g. Due to gill , we have 5^(r/,6) = S{r],bb'). Now if we let 
$*Ms$/ = h, it follows that h^{r],b) = S{r])f^{r],b) and consequently, 

((/^(S) ® b'WMs<^fr{v,b) = S{7j)f{Tj,bb') 

and the claim follows. A similar computation using (|4.24p shows that P{Iy^(E) /^)^ — AP{Ij^{e) ® foi' 
ah ^ G E", where A = ^*Ms^\Q. 

We recall now that the maps ji G E" , b G cr(.A)' form an isometric covariant representation of the ^{A)'- 
correspondence E'^ (see pages 369-370 in |33| — the precise definition is covariant representation is given in 
the text surrounding formulas (|4.26p - (|4.28p below). We may now apply the commutant lifting theorem 
for covariant representations of a correspondence due to Muhly-Solel (see Theorem 4.4, [3T]) to obtain an 
operator that commutes with the operators Ijr2(E) ® M ^-^d Ijr2i^E) ® b (which implies R G J-°°{E) by 
Proposition I4.2p which moreover satisfies PR — AP. This immediately implies that R^ = S. Furthermore, 
we can choose R such that ||i?|| = ||M5||. □ 

We note that any R G T°°{E,a) is of the form R ® Is ioi a R e T°°{E). Moreover, the map R ^ 
R = R® Is is an C{J^{E, CT))-valued representation of !F°°{E) which actually extends to a ^-representation 
T ^ T <® Is oi all of C {T"^ {E))—t\ie restriction of T T (g) to T G T'^{E) is called the induced 
representation of !F°°{E) in the terminology of [3T1[33|. The content of Proposition 14.41 is that, for each 
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r] G dUE")*), the map R ^ i?^(r?) is an C{£yvalued representation of T°°{E,a). It follows that the 
composition 

^^(i?) = (i?®/£)^(r7) (4.25) 
is an (even completely contractive) representation of !F°°{E) (see [35). For some 77 G {E"')* of norm equal to 
1, TTr, still defines a representation of J-{E). It is the case that every 77 in the closed unit ball of (£'"")* gives 
rise to a completely contractive representation of 7I|^(i?) (the norm-closure of the span of left multipliers 
(/?oo(a) (a G A) and creation operators (^ G E) in £°(J^^(i?))), while it is not clear for which such 77 the 
representation can be extended to T°°{E) — this is one of the open problems in the theory (see [33]). It is 
the case that each completely contractive representation tt of !F°°{E) comes from an 77 G B){{E'^)*) for some 
weak-* continuous ^-representation a: A ^{^)- Indeed, given a completely contractive representation 
tt: !F°°{E) jC-{£), one can construct a and 7/ as follows. Define <t: A ^ by 

a{a)^TT{^^{a)). (4.26) 

Then define t] : E C{£) by 

r,(0 = 7r(Te). (4.27) 

We wish to verify that 

7^{^{a)i-a')=a{a)7^{0a{a'), (4.28) 

i.e., that the pair {ri,a) is a covariant representation of E in the terminology of Muhly-Solel [31|, I33j. As a 
first step for the verification of (|4.28|) . one can easily check that 

T^(a)^-a' = ^oo{a)T^foo{a') for a G A ^ e E. 

We then compute 

ri{ip{a)^ ■ a ) = TT{T^(a)i-a') 

= ■K{ip^{a)T^ipoc{a')) 

= 7r(<y9oo(a))7r(T^)7r((poo(a')) 

- a(a)r,(e)a(a') 

and (|4.28[) follows. As in fST], a covariant representation (77, <j) of _E determines an element 7/: E' 0o- £ ^ £ 
of (£"^)* according to the formula 

77(C ® e) = r?(Oe. (4.29) 
Here note that the property //(^ ■ a') = r]{^)a{a') is what is needed to verify that (|4.29p is well-defined 
while the property ri{(p{a)£,) = a{a)ri{^) is what is needed to verify that 77 is in {E°')*, i.e., that 77 has the 
^-module-map property 

77(<^(a) O/f) = a{a)7j. 

There is a converse: given an element 77 G 'D{{E'^)*), we may use (|4.29p to define rj so that (77,0-) is a 
completely contractive covariant representation of E. The mapping tt given in (I4.26P — (|4.27p then extends to 
a representation of J-°°{E) (see |31|). For our situation here where (77, a) is given in terms of a representation 
TT via (|4.26p — (|4.27p . we see that a representation tt of !F°°{E) determines a representation a — (Jt^ of A 
according to (|4.26l) along with an element 777r of {E'^)* according to the formula 

?7^(?®e) =7r(T5)e. 

It is then straightforward to check that the formula 

7r(i?) = (i?(^/£)''(77,) (4.30) 

holds for the cases where 

R — ^00 (a) for some a E A, R = for some ^ G 

Under the assumption that tt is continuous with respect to the weak-* topologies on T°°{E) and C{£), it 
then follows that (|4.30p holds for all R G !F°°{E), i.e., we recover tt a,s tt — tt,,^ where in general tt^ is given 
by 

It is of interest to apply this construction to the induced representation 

ITind- R®l£ (4.31) 
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of !F°°{E) into C{!F'^ {E , a)) . We collect this result in the following Proposition. 

Proposition 4.10. Suppose that we are given an A- correspondence E together with a representation a: A ^ 
C{£) for a Hilbert space £ and let iTind'- J'°°{E) —> C(J-'^{E,a)) be the induced representation as in (|4.3ip . 
Define -q^^^ : E C{T^{E, a)) and aind ■ A C{J^{E, a)) by 

Then (ryindi find) is an (isometric) covariant representation of E with element rjiad ■ E®!F'^{E, a) J-'^{E, a) 
of {E'^'"'^)* associated with (^indi'^ind) o,s in (j4.29p given by 



Vind ■■ ^ < 



(n-l) 



Moreover, we recover R = R® l£ G J-°°{E, a) via the point evaluation 

R®l£ = (^0/^2(£;^^))^(r/ind)- 

Proof. The proof is a simple specialization of the general construction sketched in the paragraph preceding 
the statement of the proposition. □ 

It will be convenient to work also with the analytic Toeplitz operators acting between H^{E, (T)-spaces of 
different multiplicity. For this purpose, we suppose that U and y are two additional auxiliary Hilbert spaces 
(to be thought of as an input space and output space respectively). We consider higher multiplicity versions 
of H^{E,a) by tensoring with an auxiliary Hilbert space (which is to be thought of as adding multiplicity): 

Hli{E, a) := H\E, a) 0c H^iE, a) := H^{E, a) 0c y- 

Here we view U and y as (C, C)-correspondences and apply the tensor-product construction of Definition 
[3J] (2). The space H^{E,a-) then is a reproducing kernel {a{Ay,C{£ W))-correspondence on B{{E'^)*) 
where the point evaluation at a point (77,6) G B){{E'^)*) x a{AY of a function 0) m G Hlf{E,a) (with 
G H'^{E,a) and u G U) is given by (/^ ® u){r],b) = f^(r],b)®u G £ ®U. Moreover, note that the 
left cr(^)'-action is given hy h ^ b ® lu- The completely positive kernel ^{E,a)®u associated with it as in 
Theorem 13.61 is given by 

iK(ij,a)®w('7,C)[&] = ^EA^n■,C)[^ ®iu, 

where IK^;^^ denotes the kernel for H^{E,a) defined in Theorem 14. II Similar statements hold for Hy{E,a), 
where the analogous kernel is denoted by 'K(_E,a-)<giy- 

We now define a higher- multiplicity version of the algebra of analytic Toeplitz operators H°°{E,a) to be 
the linear space 

HF{u,y)iE,'j) ■.= H^{E,a)®C{U,y). 
This space consists of C{£ ®U,£ ® 3^)-valued functions on D((£'°')*), with point evaluation of an element 
5 0iV G H'^iu y^iE^a) = H°°{E,a)(g)C{U,y) at 77 G B{{E'^)*) given by {S ® N){r)) = S(r])®N. Moreover, 
the functions in H^^jj define multiplication operators in C{Hy{E, a), Hy{E, a)), in the same way as 

H'^iE, a). For S*® iV G H^^jj y^{E, a), S E H°^{E, a) and N G C{U, y), the multiplication operator Ms(^n 
becomes Ms^n = Ms ® N. 

In addition there are Fock space versions of all these spaces, namely 

J'uiE^a) -.^ T^{E,(j)®U, J'y{E,cr) -.^ F^{E,a) ®y, 

^C(u,y) (E, <J) = :F°-{E, a) <E> £{U, y). 

Point evaluation for elements in T^{E,a) and points in D{{E'^)*) x <j{Ay (and similarly for elements in 
J^^{E,a)) is determined by attaching to /(8)u G T^{E,(7), f G T'^{E,(j) and u G Z^, and (77,6) G V){{E'^)*) x 
a{A)' the value (/ (g) u)^{ri, b) — f^{ri, b) (8) u, so that the map 

'^u-.fu^f:: iov fu&T^{E,a) 

defines a coisometry from J-ij{E, a) onto H^{E, a). The analogous coisometry for J-y{E, a) is denoted by ^y. 
Similarly we determine point evaluation for elements in ^^jj y){E, <j) and points in ]D){{E"')*) by attaching 
to R^X e 3^c(u,y)^E,a), R e T°^{E,a) and X G C(U,y), and G D((£;'")*) the value 

{R (g> X)''{7]) ■= i?^(r?) (giX eC{£(g>U,£(g) y). (4.32) 
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Then H^^^ {E, a) is recovered as 

where should be interpreted as a function mapping D((£'°')*) into C{£ <E)U,£ (E) y), while the space of 
multiplication operators in C{H^{E, a), Hy{E, a)) defined by ff^jy y^{E,a) is given by 

{<^ym*u:ReTr^i,y){E,a)}. 

In fact, it is easy to check that Proposition l4.9l guarantees that for S £ H'^^^ y)(-^' have Ms = ^yR^lf 

whenever R e J^c{u y)^-^' ''^) satisfies S = R^, so that ||Afs|| < 11-^11 1 a-nd that there exists a i? £ ^clu y)i-^j 
with 5 = i?^ and llMsll = 

Alternatively, ^^(jj y^{E,a) can be characterized as bounded operators from !F^{E,a) to J-y{E,a) with 
block-matrix representation 

R = [Rtjkj^os,... with : E"^^ ®a£®U ^ E'^' ®a£®y 

subject to 

Rij{Ie^^ ®h®Iu) = {lEe>i '^b(g) Iy)Rt.j for b £ 
R,+i,j+i{Ie»j ® ry* lu) = {Ie»^ «) ??* Iy)Ri,j for i]* e E" . 
For such R £ ^^(pi y){Ej point evaluation in £ ^{{E°')*) can be written as 

'DC 

R''{v)^J2^v"^ly)Rn,o. 

ri=0 

In addition it is routine to see that part (1) of Proposition 14.41 can be extended to the following statement: 
ifSe ^au,y){E,a) and R £ J"^y^z)i^^'^)' ^^^'^ ^ ^c'(u.z)i^^'^) o"'^ 

(i?5)^(77)-i?^(?7)5^(r/). (4.33) 

Remark 4.11. Suppose that R £ ^"^(jj y){E, (j) has the form 

R^R®„l£®X (4.34) 

where R £ T°"{E) and X £ C{U, y). In particular the point evaluation defines R'^{ri) £ C{£®U, £®y) 

for each rj £ D((£"^)*). Suppose now that a' : A ~* ^{^') is another ^-representation of A and ry' £ Ji{{E'^')*). 
Then we may define a related function rj' ^ R^'{ri') £ £(f ®U,£' ^ y) by 

i?^'(^') = (i?®,,/£, ®X)^(r,'). 

While not all elements R of .^^j^ j') (^' '-'^) ^-''^ ^'^^ special form (|4.34p . finite linear combinations of elements 
of the special form (|4.34p are weak-* dense in J-'£,(jjyj(E,a). By using linearity and a limiting process, one 

can then make sense of R^'{t]') £ C{£' ®U,£' ® y) for any r/ £ 0{{E''')*). This fact will be useful for the 
formulation of condition (1") in Theorem 15. II below. 

5. The Schur class associated with {E,a) 

Given a correspondence-representation pair (E^a) (where a: A ^ ^i^)) along with auxiliary Hilbert 
spaces U and 3^, we define the associated Schur class SE,a{'^,y) by 

SE,a{U,y) ^{S: HiiE")*) C{£ ®U,£ ®y): S{r]) = i?^(?7) for all r; £ I^HE")*) 

for some R £ Tc(u.y)iE^^) with ||i?|| < 1}. (5.1) 

We have the following characterization of the Schur class SE,aipi, y) analogous to the characterization of 
the classical Schur class given in Theorem 11.11 and to the multivariable extensions in Theorems 12.11 and 12.31 
When specialized to the classical case (see Section [5TT] below), (|5.ip gives the classical Schur class as defined 
in the Introduction, but from a different point of view. Rather than simply holomorphic, contractive. 
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C{IA, y)-valued function on the unit disk, (|5.ip asks us to think of such functions as analytic functions 
~ -^nZ^ on D whose Taylor coefficients {Fn}nez+ induce a Toeplitz matrix 



Fo 
Fi Fo 
F2 Fi Fq 



which defines a contraction operator from £^(Z+) to ^^(Z+). Thus the label (1) in Theorem 15. 1[ when 
specialized to the classical case, corresponds to a somewhat different statement than (1) in Theorem 11.11 
The other labels (1'), (1"), (2) and (3) in Theorem 15. II correspond exactly to the corresponding statements 
in Theorems [LH [TT] and [Ol 



Theorem 5.1. Suppose that we are given a correspondence-representation pair {E,a) (where a: A ^ ^{^)) 
along with auxiliary Hilbert spaces U and y and an operator-valued function S : I]i{{E")*) C{£ ®U ^ £ ®y) . 
Then the following conditions are equivalent: 

(1) S G SE.a{l^,y)- i-e., there exists an R £ J''clu y)i-^^'^) 11-^11 ^ 1 such that S{rj) = i?^(?7) for all 
{!') The multiplication operator 

Ms: f{r,,b)^S{r^)f{r^,b) 
maps H^{E,a) contractively into Hy{E,a). 
(1") S is such that S{r]) = for all 77 £ P((£"^)*) for an R e ^T(uy)^^-'^) ^^'^ additional 

property: for each representation a' : A ^ ^i^') ^.i^d, rj' G B)((E'^ )*) it happens that 

\\R'"iv')\\<i. 



where R^'{rj') is defined as in Remark \4-.11\ 
(2) The function Kg : BdE")*) x BdE")*) C{a{Ay, C{£ (g> y)) defined by 

is completely positive, or more explicitly, there exists an auxiliary Hilbert space TL, an operator-valued 
function H: C{Ti.,£ ® 3^) and a * -representation tt of a (A)' on H. so that 



5(C)* = H{r^)7T{b)H{Cr (5.2) 



'A 


B 




H 




'E"" (g) n 


C 


D 




£®U 




_£®y _ 



for allrjX eB{{E'^)*) and b G a{Ay . 
(3) There exists an auxiliary Hilbert space Ti, a * -representation tt: cr(^)' 
colligation 

U = 

which is a a {AY -module map, i.e., 

(Ie <S'b)®lH 

b®Iy 

for h £ Ti. and u E £ (®U, so that S can be realized as 

sirj) ^D + c{i- l;.a)-^l;,b. 

E'^ (E)'H is given by 

Lri' h — rj* ® h for each h £71. 



A B 




TT{b)h 




C D 




_{b®Iu)u 







'A 


B 




'h 




C 


D 




u 



C{Ti), and a coisometric 
(5.3) 

(5.4) 
(5.5) 



Here Ljj* : TL 



Proof. Both (1) =^ (1') and (1') =4> (1) follow immediately after extending Proposition 14.91 to the case 
with the added multiplicity as mentioned at the end of Section |4l 

(1) =^ (1"): Given i G J}{{E'''y) (so ||7;'|| < 1), by the dilation result in [Ml Theorem 2.13] (see also 
|32| ) we know that 77' has a dilation to an induced representation ?7ind: J-°°{E) C{!F^ {E , aind)) associated 
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with a representation (Tind : A C{£iud)- As R is contractive by assumption, it then follows that i?^'"'^(77ind) 
is also contractive. Since rjind is a dilation of rj, we then also have 

<||i?^'"'^(r/ind)||-||i?||<l 

and (1") follows. 

(1") (2): This implication requires an adaptation of the GNS/HB construction to the setting of 
completely positive (rather than classical positive) kernels. If IK(cj', cij)[a] is a completely positive kernel, 
then 

K{{lu', a), (cj, a)) = ^{LU,Lu')[a*a'] 

is a positive kernel in the classical sense on il x ^. In this way one can reduce to the classical setting and 
adapt the GNS/HB construction in to the situation here. We leave complete details for another occasion. 

(1") =^ (1'): Assume that R € ^ciuy)(^^'^') ^^^^ = Proposition QUI extended to 

the higher multiplicity setting, we see that we recover R via the point-evaluation calculus as 

i? = i?^(r/ind)- 

Hence we also recover R as the strong limit 



The assumption (1") tells us that 



i? = limi?^(r77ind). 

1 



P^Hind)||<l 



for each r < 1. Hence < 1. 

(1') =^ (2) Assume that Ms is as in (!'). From the definitions we see that 

{b-Msn{v\b') = s{v')r{v\b'b) = {Ms{b-n){v',b') 

and hence any multiplication operator Ms is a cr(^) '-module map. The computation 

{Msf,b-{kE, a-X ® Iy){e ® V))Hl,(E,cr) — {b* ' Msf, {kE,a;C ® ^J')(e ® V))Hl{E,a) 
= {Msib* ■ /), {kE,a:C ® Iy)ie ® y))H-^(E.a) 

- {S{CW ■fm,e^y)£^y 

= {b* ■ f,{kE,a;C®Iu)S{C,y{e®y))Hi(E.a) 

= (./, b ■ {kE,a;C ® Iu)SiCyie ® y))H^(^E,a) 

shows that 

M^: b-ikE^a:C®Iy){e®y) ^ b ■ {kE,a-x ® Iu)SiO* (e ^ y). (5.6) 
Since ||Afs|| < 1 by assumption, for any finite collection of bj £ cr{A'), Q £ D((£"^)*) and ej ®yj ^ £ ®y 
(j = 1, . . . , N), we have 



^bj ■ {kE,a;Q ®Iy)ie]®y3) 



^^s ^1 ■ (^s,<t;0 ® Iy){ej ® yj] 



> 0. 



(5.7) 



Expanding out inner products and using (j5.6p and the basic general identities 
(6' • {ke^a-x ® Iy)(e' ® y'),b ■ {kE,a-7j ® Iy){e ® y))Hl(E,a) = 

{^{E,a)®y{ili QWb']{e' ® y'),e ® y)£(sy, 
{b' ■ ikE,aX ® Iu)S{0*{e' ® y'),b ■ {kE,a,r, ® Iu)S{ri)* {c ® y))H^(E 
{S{v)K^E,a)miv, (:Wb']S{0*{e ® y'), e ® y)£^y 
we see that the left hand side of (|5.7p is equal to 

N 

{KsiCz, CjWibj]iej ® yj), ® y^)my 



2 /p\ — 
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and we conclude that Kg is a completely positive kernel as wanted. The characterization given in (|5.2p 
follows from part (2) of Theorem 13.61 

(2) => (3): The argument here is an adaptation of the proof of Theorem 3.5 in j36j to our setting. 
Assume that (2) holds. By Remark |4.8[ the equality (|5.2p can be rewritten as 

(/ - e.^c-rHb) ®Iy~ S{r,)[{I - e,^^,)-\b) ® Iu]SiO* = H{ri)n{b)H{Cr. 

Replace & by [/ — (^t-ixAi^) = ^ ^ ^>).C*(^) rewrite this last expression as an Agler decomposition (see [1]) 

b®Iy- S{f^){h ® Iu)S{Cr = H{T^)n {b - rj{lE ® 6)C) H{0*. (5.8) 

Rearranging and conjugating by two generic vectors y and y' in f ® 3^ then gives us 

y*H{r,)7T{b)H{Cry' + y*S{ri){b (g> Iu)S{Cry = y* Hir])7r{fi{lE ® 6)C*)i^(C)*y' + y*(& ® Iy)y' ■ (5.9) 



From Remark 14.81 we know that E"^ is a o'(^)'-correspondence. We may also view the Hilbert space Ti, as 
a (cr(^)', C)-correspondencc with the left a{Ay -action given by the representation tt. We may then form 
the tensor-product (cr(y^)', C)-correspondence E'^ ® as in Definition 13.11 Explicitly, the C-valucd inner 
product on E"^ (^H is given by 

(/i ®h,fj.'i^ h')E'^H = (7r(/x'*/i)/i, h')u = h'*TT{p,'* ^i)h. 

It follows that the first term on the right-hand side of (|5.9p can be written as 

y*Hir^)iTir,ilE 6)C)^(C)*y' = {{Ie ® 6)C ® i^(C)*y', V* ® i?(^)*y)£'0W. (5.10) 

If we replace b with 6*6' (where 6, b' are two elements of a (A)'), use (|5.10p and do some rearranging, we see 
that the equality (|5.9p can be expressed in terms of inner products 



(5.11) 



(7r(6')i^(C)*y', ^{b)H{rjyy)n + ((6' ® /;,)^(C)*y', {b ® Iu)S{vry)£m 

- {{Ie ® 6')C ® i^(C)*y', [Ie ® b)r,* ® H{r^Yy)E^®H + {{h' ® Iy)y' , (6 ® /3;)y)£«j;. 
Introduce subspaces 



7^v 



span 



span 



(/b ® 6)?7* ® i/(r?)*y 
(^ ® Iy)y 

Ab)H{0*y ' 
{b®Iu)S{riYy 



yci£®y,rie !])((£;'")*), 6 e a(y^)' ^ C 





'E^ ® n 


V 







n 







Note that both Vy and TZy are invariant under the left action of (y{A)' on {E'^ ®T-L)®{S®y) and on 
T-L®{£®U) respectively, i.e. Vy and 7^y are cr (yt)'-submodules of {E'^ ^H) ® {£ ®y) and W ® (£ (g) ZY) 
respectively. The import of (|5.1ip is that the formula 



V: 



(/£ (8)6)r?* (8)i/(7?)*y 
{b ® Iy )y 



7r(6)i/(C)*y ■ 
{b®Iu)S{riYy 



(5.12) 



extends by linearity and continuity to a well-defined unitary operator from 2?y onto TZy ■ One easily checks 
that 

V{b-d) = b- Vd 

for b e a{Ay and deVv- 

By restricting in ((5Tn| to 6 = e cr(^)' and 77 = e D((£:'^)*) we see that {0} ® {£ ® y) C Vy- In 
particular 

A- := iiE" (g>H)®{£(g) y)) eVv C {E" ® H) ® {0}. 

Moreover, because Vy is invariant under the left a {A)' -action we can see X as & {a{A)' , C)-correspondence, 
where the left action is obtained by restricting the left action on E'^ ®T-L to X. Hence we can form the 
{(7 {A)', C)-correspondence K. = n® {J^{E'^) ® X). Note that 



E" 



. IC ^ E" (g) {H ® {T^iE") (g) X)) = (E" (E)H)® [E" ® T'^{E'') ® X). 
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So we can define an operator U from JC ® {£ ®U) to (£"^ ®lC)®{£®y) via 



U* 



Px 



















X 

E" ®X 
{E")®"^ ®X 



(5.13) 



Here Pxi^ and Px stand for the projections onto Vy and X respectively. One easily checks that U* is an 
isometric cr (.4) '-module map. In other words, U is a coisometry, and a cr(yl)'-module map. The construction 
in (|5.13p is closely related to the dilation result in [3T]; see also Section 3 in [33] for more details. 
Next we decompose U as follows: 



U = 



'A 


B 




H 




'E" ® n 


C 


D 








_£®y _ 



The definition of V and the construction of U imply that 



A* C* 
B* D* 



{{Is®b)T]*)(E)H{T])*y 
{b ® Iy)y 



n{b)H{7^)*y ■ 
{b®Iu)S{7jyy 



By specifying this for b = Ig and observing that 

-n* ®H{'nYy = U,.H{riry, 

we get 

A*Lri*H{ij)* +C* = H{ri)* and B* L^.H{ri)* + D* = S{ri)* . 
Moreover, for h E H we have 

\\L^*hf = ||77* (g) ft-f = (77* (g) ^,77* (g) ft.) = (77(7777*) (g) = ||7r(?777*)H||' 
< ||7r(r7r7*)^f llftf < ||(7777*)^f llftf = llftf . 

This proves that || < ||77|| < 1. Hence / — A*L,, is invertible and (|5.14[) shows that 



(5.14) 



Sir])* =D* + B*L^{Ik: - A*L„)-'^C* 



and thus. 



By taking adjoints we arrive at (|5.5[) . 

(3) =^ (2): Assume that (3) holds. We prove that Ks admits an Agler decomposition as in (|5.8|) with 
H{t]) := C{I — L*,A)^^. That this is equivalent to the complete positivity of the kernel Ks can be seen via 
the change of variable used in the derivation of (|5.8p . The fact that U is a coisometric a (A)' -module map 
can also be written as 

D{b (g Iy)D* + Cn{b)C* = b®Iy, B{b ® Iu)D* = -A-K{b)C\ 
ATT{b)A* + B{b g) Iu)B* = (Ie (E>b)(g> Ifc, D{b ® Iu)B* = -CT:{b)A* . 



Note that 



and 



H(77) = C{I - L*^,A)-^ =C + C(I- L;,A)-^l;.A = C + H{r,)L;,A, 
S{ii) = D + H{i^)V^,B. 
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Hence 

H{rj)7r{b)H{Cr = {C + H{r,)L;.A)^{h){C* + A* L^.HiO*) 

= C7r(6)C* + C'K{h)A*L^,H{C)* + H{'q)L*^.A-K{h)C* 

+H{rj)L;,A7r{b)A*Lc^H{Cr 
= b®Iy~D{h® Iu)D* - D{h ® Iu)B*Lq*H{0* 

-~Hirj)L;.B{b ® Iu)D* - H{T^)L;^,B{h ® Iu)B*L^.HiO* 

+H{ri)L*^,{{lE ®b) ® Ih)L^'H{C)* 
= h®ly-D[h® Iu)SiCr - H{7^)L;,Bib Iu)S{0* 

+H{rj)7T{r]{lE®b)C)H{Cr 

- b®Iy- 5(7y)(6 ® Iu)SiCr + H{ii)7:MIe ® 6)C*)i^(C)*- 

In this way we have proved that (|5.8p holds. 

(2) =^ (I')- Assume that (2) holds. Consider the formula 

(Ms)* ■■ b* ■ {kE,a,c ® Iy)y ^ b* ■ {kE.a-c ® Iu)S{Cry (5.15) 

for b G (j{Ay , C e D((£''^)*) and y £ £ ® y. Then the complete positivity of the kernel K5 is exactly what 
is needed to see that the formula (|5.15p can be extended by linearity and continuity to define a contraction 
operator {Ms)* from Hy{E,a) into H^{E,a) which is also a (T(^)'-module map: 

b* ■ {M*sf) = M*s{b* ■ f) for all b e a{Ay and / e H^{E, a). 
Here we are using that the span of the collection of kernel functions 

{b* ■ ikE,a,c ® iy)y- b e a{AY, C e mEni.y e f ® 3^} 

is dense in Hy{E,a). Then the computation 

{{Msf){C,b),y)£^y = {Ms.f,b* ■ {kE.a;C®Iy)y)Hl{E.a) 

= (/> M*s{kE,a-C ® Iy)y)Hl,{E,a) 

= • {kE,a;C®Iy)S{QTy)Hl(E^.) 

= {f{Cb),S{Cry)e^u 

= {S{Of{CM.y)£^y 

shows that M5 is indeed the operator of multiplication by S. □ 

6. Examples 

In this section we illustrate the general theory for some more concrete special cases. For simplicity we 
consider here only examples of the theory developed in Sections 3, 4 and 5 with U = y — C Unlike what 
one might expect, this does not lead to scalar versions of the results discussed in Sections 1 and 2, but rather 
to square versions, that is, we regain Theorems 1.1, 2.1 and 2.3 for the case U — y, but not necessarily equal 
to C. 

6.1. The classical case. In this example, we take A ~ ^{G) for a given Hilbert space Q. Let E = C{Q) 
viewed a correspondence over itself in the standard way: 

a • ^ = a^, ^ ■ a' = ^a' (the operator multiplication in C{Q)) for a, a' € ^ g i?, 

(^',^) — ^*^' (the >C(tJ)-inner product when considered as a correspondence over itself) for S E. 

Since 

we can identify E®^ with E = C{Q) and then the Fock space J-^{E) has the form 

T'(E)^®^^,E^-^il^^^{Z+). 

The abstract analytic Toeplitz algebra !F°°{E) is the collection of all lower triangular Toeplitz matrices with 
'C(^?)-block entries acting as bounded operators on £^.g,x(Z+). 
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Now suppose we are given a Hilbert space Eq, let £ = G <S) £o and a be the representation of ^ = ^{S) on 
C{£) given by a{a) = a® l£„ .Then 

a{Ay = {be C{£) : ba{a) = a{a)h for aU a (1 A] 

= {fe e C{£) : h{a° ®Iso)^ (a° ® ho)^ for aU a° e C{g)} 

^{Ig(^b" -.b" eCi£o)} 

and hence a{Ay can be identified with C{£o). 
We next note that 

The representations ip.ooM '■ A — jC{Q) £(^|(Z+)) and too,cr : cr(-4)' = -C(fo) ^ are given by 

Voo,cria) = /f2(z+) a (g) /fn, ioo,o-(&°) = ®Ig'^ b° . 

We next compute 



E ®„ £ ^ £: r]{a® Is) = <T{a)rj, a £ C{g)} 

C{g) ®aQ®£o^Q®£o: via^h) = (a (g) /gj?/, a G C{g)} 

g®£o^g®£o:ri{a® l£„) = (a ® /^J??, a £ £(0)} 



= {/e$5r7":'7"e/:(i^o)}. 

We conclude that {E"^)* can be identified with C{£o). 

The creation operators and dual creation operators then have the form 

= S ® e ® ho iov^eA^ C{g), 

Tf^o^, = S®Ig®fi° for /x" e 5^ E" 

where S is the standard shift operator on ^^(Z+): 

S: {cn}nei.+ '-^ {c'n}nez+ whcrc Co = 0, = c„_i for n > 1. 



Note that the commutativity properties laid out in Proposition l4.2l are now transparent for this example. 
Then, for / — ®^o/n ^ ^^iE,cr), the Fourier transform $/ = is given by 

00 

71=0 

for ?7 e B(/!(£'o)) (the open unit ball of C{£o)) and 6" e 'C(fo)- One can check that $ is injective. It follows 
that $ is a unitary transformation from £|(Z^) onto a Hilbert space H^{E,a) of valued functions on 
M{jO,{£q)) X £{£o) carrying a £(fo)-representation: 

7rHHE.a)(b'): f^iv'^^b'^)-^ f''{v",b%"). 

In fact f^{ri'^,l£g) — for all 77° £ i^(£(i?o)) already forces / to be zero in €|(Z+) so the function is 
determined completely by its single-variable restriction /^^ :— f^{-,l£g) and one can work with the space 
H'^{E,a) = {/^^: / G instead. One can identify H'^{E,a) with functions of the form 



9{rP) = Y.^Ig ® {V°r)9n where ©^^Lo 9n e with = II ©^^=0 9n 

ri=0 

and with the cr(-4)' = £(fo)-left action given by 



n=0 n=0 
/92 , 



An element S of J-°°{E,a) is an operator on £g(Z_|_) having a lower-triangular Toeplitz matrix represen- 
tation 

R = [Ri~j]i,j=0,l,... 
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where each i?„ is an operator on £ of the form = Ig^ for an operator i?° G ^{G) with i?° = for 

n < 0. Given such an R, the associated £(5)-valued function R^ : C{£o) — > ^{£) is then given by 

oo 

The Schur class S{E, a) for this case can be identified with the set of functions 5*: M{jC{£o)) — > C{£) with a 
presentation of the form 



(6.1) 



n=0 



for which the associated Toephtz matrix 



[Sf-j]i,3=0,l.,... 

defines a contraction operator on ^g;(Z+). If we use the single- variable version H^{E, a) of the Hardy space, 
the condition in part (2) of Theorem 15.11 means not only that 

Ms: f^\v°)-^Siv')f'^\r,") 

maps H^{E,<t) contractively into H^{E,a), but also that Mg is a £(fo)-niodule map: 

Ms{b-f''^)^b-Msr\ 

The realization formula (|5.4p and (|5.5p from part (3) of Theorem 15.11 tells us that such functions S are 
characterized by having a realization of the form 

(6.2) 

where 

U 



+ C{I 


— TT 


(^°)^)- 




'A B 




n 




n 


C D 




£ 




£ 



is a unitary operator and tt is a ^-representation of C{£q) to C{TL) which is also a £(fo)-niodulc map: 



'A 


B 




C 


D 





tt{W) 
Ig(E)b° 



■^(6") 

Ig®i 



A B 
C D 



(6.3) 



Here we use that E'^ ®^ Ti can be identified with H since (Ig (g) (??°)*) Is ® -K{{rp)*)h. 

We note that is easy to see that a realization as in (|6.2p implies that S has a presentation of the form ()6.ip . 
Indeed, if f7 is unitary and satisfies (16. 3p . since A commutes with TT{rf) we see that {n{rf')A)"' = yl"7r(?7")". 
Hence expansion of the inverse in (|6.2p as a geometric series and repeated usage of (|6.3p gives 

oc 

5(77°) = ^5„(/®(r?°)") 

where 

5o = 1?, S"™ = CA"-iB for n>l. 

Additional usage of (|6.3p gives us 

5„(/ jf) = (/ ® ?7°)5„ for aU rf e /:(fo) 

from which we conclude that S'„ has the form Sn = S'^® Ig^ for operators 5° acting on f/, and hence S{rf) 
has the form as in (|6.ip . 

Conversely, if 5: B(/:(£:o)) ^ 'C('^^) is of the form (EH), it follows that S°{\) = ^^=0 '^'"A" is in the 
classical Schur class S{Q, Q). By the classical realization theorem we can write 

5°(A) = £>" + \C°{I - \A^)-^B° 

where 

U" 



is coisometric (or even unitary). Then 

U = U" ® /po 

























Q 














n 




n 






£ 




£ 
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(where we set Ti, = T-f' ® Eq) with 

w{b) = In«®h& OH) for h G C{E°) 

provides a reaHzation for S as in Ij6.2p . Thus the general theory provides a new kind of reahzation result, 
but one can easily derive this result directly from the classical realization theorem. 
Two special cases of the above analysis are of interest. 

(1) If we take Q = £,£o = C in the example, we have J''^{E) = Z^^^j(Z_|_) with T°°{E) equal to the 
collection of all lower triangular Toeplitz matrices with £(f)-block entries acting on /^^^j(Z_|_). In 
this case a{Ay = Clg. and {E")* = /g ® C is isomorphic to C; thus ©((£"^)*) may be identified 
with the open unit disk D of C. Moreover T{E) ®„ £ = /|(Z+) and for a given A G D, we have the 
bounded point-evaluation: 

oc 

/ = ®~ o/« e HE) ®a£ = ^ 7(A) = ^ /„A" e iJ|(©). 

Tl = 

Then 

H\E,<j)^HliB) 

and 

H^{E,<j) = i7^g)(D) ® /£ = i/^£)(D). 

Hence 5 e H°°{E,a) means, for A £ B, that S{X) = Y.n=o ^nX" with Sn e C{£). The operators 
in H°°{E,a) with norm at most equal to 1 form the classical Schur class. If we apply the general 
theorem 15. II for this case, we simply recover Theorem ll.il (where lA = y = Q). 

(2) If we take Q ^ C,£q ^ £, then H{E) = T°°{E) is the collection of aU lower triangular 
Toeplitz matrices acting on ^^(Z+). In this case <t{A)' = t^{£) and 

(E")* = {r^:<C®a£^£-ri{a®l£)^ari,ae C}. 

Since C ®a £ can be identified with £ in the obvious way, (£'"")* amounts to C{£). We also have 
H{E) (g>^£ ^ lW^+) for a given rj e B{{E'')*) = B(£(£:)), i.e., r] £ C{£) with ||?7|| < 1, we have the 
bounded point evaluation: 

(oo 
(77, b) e M{C{£)) X C{£) ^ /^(r,, 6) - ^ r^"bU 
Tl = 

We may view this H^{E,a) simply as functions of the form r/ t— > X^^o'^"/" with ©^o/n £ ^| 
which also carries an £(f )-action: 

oo oc 
n=0 rt=0 

or 

oo 
n=0 

where is the projection onto the constant functions and S is the operator-argument shift operator 
(S/)(ry) = r]-f{r]). If we identify S = S°(g)l£ e H°°{E,a) = H°°(g)l£ with the scalar-valued function 
^0 g iJ°°(D)^ then the associated function with operator argument 

oo 

rj^S"{v)^J2''"^^n®h)&m (6.4) 

n=0 

corresponds to the functional calculus for scalar holomorphic functions with operator argument 
usually defined via the holomorphic functional calculus (see e.g. [48 ). The positivity of the kernel 

Ksiv, = ii- vCr' - s{C){i - vCr'sivY 

guarantees that the multiplication operator 

Ms: f{v)^S{7^)fir,) 
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is contractive on H'^{E,a) while complete positivity of the enlarged kernel 



Kry, cm = J2 - ^('?) E ^"^c*" 5(c)* 



n=0 \n=0 / 

guarantees in addition that S has the form (|6.4p and that the associated multiplication operator Ms 
commutes with the £(f )-action: 

b ■ (Msf) - Ms{b ■ /) for b e C{£), f £ H^e, a). 

The realization result (the equivalence of (1) and (3) in Theorem 15.11) follows from the classical 
realization result for scalar-valued Schur-class functions in the same way as was explained above for 
the general case of this example. 

6.2. Free semigroup algebras. In this example, we take A — C{Q) for a given Hilbert space Q and E to 
be the d-fold column space col^^^ ^{Q) over C{Q) viewed as a correspondence over C{Q) in the standard way 
(see [SIIISI): 



3 = i 





"a" 






















a ■ 






_a£,d_ 


1 


u. 


■ a = 


id a 


( 

















for ^ — 














id. 



e £; and a e C{g). 



(6.5) 

• ii is in the free semigroup 



One can then identify E"^"^ with the column space \a\=nt^{Q) where a = i„ 
Td with notation as in Subsection 12.21 Then the associated Fock space is 

T^{E) = = ®- [©„g^,^ |a|=„^(e)] 

can equally well be viewed as 

Then the analytic Toeplitz algebra J-°" [E) can be identified as 

:F°°{E)^Cd®c(g), 

where Cd is the free semigroup algebra discussed by Davidson and Pitts in [21] and is also the ultraweak 
closure of Popescu's noncommutative disk algebra (see [38]). 

Just as done in the discussion of the classical case above, we now let £q be another Hilbert space and take 
£ iohe £ = Q ® Sq. We consider the ^-representation ct of ^ = C{Q) to C{£) given by 

(j{a) = a® for a G C{Q). 

We compute <j{A)' as follows: 

a{A)' = {bCz C{£) : ba{a) = a{a)e for aU a <E A} 

= {fe e C{£) : b{a ® /^J = (a ® l£^)b for aU a G C{g)} 

= {Ig ® : 6" e C{£o)}. 

Hence (j{A)' can be identified with C{£q). 
We next note that 

E®"^ ®„£^ COl„: \a\=„X{Q) ®a£= Co\^ : \a\=n £ 

and hence we identify J-'^{E, a) ~ J-^{E) ®)a £ as 

T\E,a)^®^e:F,£ = eli:Fd). 

The representations (poo,cr ■ i^{Q) ^ A^ C{i'^{Td)) and too,cr '■ jO{£o) — cr{Ay — > C{P^{Td)) can be seen to be 
given by 

^oo,a(.a) = Ip(j^d) ®a® /£„ for a G C{g) = A, 
^coAb°) = IPCF,) ® /e ® for feO e £(£0) = a(^)'. 
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We now observe that E i^a- £ can be identified with E"^ (the c?-fold direct sum of £ with itself) under the 
identification 

for £,i,...,£,de C{Q) and ee£. 

Then rj G {E"')* means that is a block row-matrix rj = [iji ■ ■ ■ rjd] mapping E (g)cr 8 = into £ with 
the additional property that 

[vi ■■■ diag(a®/£j = (a^/fo) [?7i •■■ m] for aU a £ 

It follows that rij{a ® l£g) = (a (g) Iso)Vj and hence that r^j = Iq ® rf- for some 77° e C{£q) for j = 1, . . . , c? 
and we have an identification 

{E'^r^C{£t£,). 

One can check that the creation and dual creation operators are given by 
T^,^ = (g) l£„ for C = 



T^o,^ = ^ Sj ® /g (g) ^° for fj° = 

3 = i 



11°' 

PI 



Ml 



For = ••• 7?o] e B(/:(5^,5o)) = B{{E'')*) and 6° G £(£0) = cr(^)', we have the bounded 

point-evaluation operator on J-'^{E, a) ~ £'^(Td)- 



(6.6) 



where [r]^)" = rj^^ ' ' 'Vi^ for a = ■ ■ ■ ii G .^d- To continue a detailed analysis, we now consider in turn 
two divergent special cases. 

Case 1: £q^C so £ = G: In this case we identify B{{E'')*) ^ B{C{£^,£o)) with the unit ball in 

d 

The point-evaluation map 



A" = 6-r(A,/£) 



(6.7) 



where we use the standard (£(5), C)-correspondence structure on £. Here also we use the standard commu- 
tative multivariable notation 

\^^yi^---\Y if n= (ni,...,nrf) eZt 
From (|6.7p we see that we are in the situation of Remark 13.71 and completely positivity of the kernel 

K(A,A')r6'] = E (A"/£)(fe*?>')(A')"/£) 



associated with H'^(E, a) for this case reduces to classical Aronszajn positivity for the Drury-Arveson kernel 



MA,A')=EA"(A')" = ^-i^ 
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In this case the Fourier transform map $ : / has a kernel with the cokernel given by the symmetric 

Fock space spanned by symmetric tensors 

{^Q,a'}Q'eJ^de: e e £ 

leJ^d : |a|=n 

where 5a a' is the standard Kroneckcr delta 



1 if a = a', 
otherwise. 



Then it is known (see [551[Sl[Tn]) that the image of $ in this case, i.e., the space H^{E,a) of all functions 
on the ball of the form for an / e is exactly the Arveson-Drury space and the associated space 

H°°{E,a) is exactly the multiplier space M-{£) of the Arveson space. When we specialize the general 
Theorem 15. II to this case we simply recover Theorem 12. ll for the case U = y — £ . 

Case 2: Q = <C and £ ^ £q is a separable, infinite- dimensional Hilbert space: In this case the generalized 
unit disk I])((E°')*) = M{£{£^,£)) consists of row contractions 

V^ivi ■■■ Vd] ■■ £'^ £■ 

The Fock correspondence T'^{E) = t'^{Td) has scalar coefhcients while the Hilbert Fock space J-^{E,a) — 
£'^{J-'d) has ^-valued coefficients. The point-evaluation map (|6.6p has the form 

aeJ^d 

The completely positive kernel associated with H^{E, a) for this case is 
where b e a{Ay = £{£). 

The analytic Toeplitz algebra !F°°{E) is the free semigroup algebra Cd acting on !F'^{E) — £'^{J-d) having 
noncommutative Toeplitz matrix representation 

R = [Ra,i3]a,peJ^d where Ra,p = Ral3-^,lll- 
where the matrix entries Ra,f3 are scalars. Here refers to the empty word in Td (the unit element for the 
semigroup Td) and we use the convention 

{a' if a = a'P, 

undefined otherwise, 

-^undefined — 0- 



a(3- 



Then it is easily seen that R (^a- Is G ^i^si^'d)) is simply the infinite-multiplicity inflation of R: 

R(g)Ig = [R(g) l£]a,p where [R (g) l£]a,p = Ra,p <S) Is- 

The point-evaluation r/ ^ {R^„ Is)''{v) for R^^Ig e T°°{E, a) and ?? = [771 • ■ • ryj e »(£(£'', £)) is 
given by 

{R®alsf{v) = V'"{Ro.®Is)- 

Viewing the operator Ra Is ^ simply multiplication by the scalar Ra^ we can rewrite this as 

{R®.Is)''{r]) - ('^■8) 

As a consequence of the fact that there are no polynomial identities valid for matrices of all sizes (see [44l 
pp. 22-23]), it follows that the point-evaluation map 

ReT°°{E)^ Cd^ {iien{C{£\£) ^ {R®^ h)''[ri) e C{£)) 

is injective. 
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For TT a ^-representation of C{£) into C{T-L) for a Hilbert space Ti, one can check that 







7r(/ii)/i 




(S)h = 











(6.9) 



gives an identification of E"' (g) H with H''. For a colhgation U to be of the form (|5.3p and to satisfy (|5.4p 
means that there is a Hilbert space H together with a ^-representation tt: /^(f ) — » /^(W) such that, after the 
identification of E'' (g)^ H with T^'' via ([6Jl) . 



subject to 



(6.10) 



U = 



"^1 






H 




'H 




Bd 








H 


_c 


D 











or, equivalently. 



^(6) 






'Ai Bi' 




'Ai B{ 




















■71(6) 0" 








Ad Bd 




Ad Bd 




h 




b_ 




_C D 




C D 








= 7r(5)A,, 


B,b = 


iT{b)Bj for i = 


= 1, . . . ,d. 



C7r(6) = 6C, Dh ^ bD, 



(6.11) 



for aU b e £(£). For t] ^ [r]i ■■■ rid] e D{{E'')*) = M{C{£'^,£)), one can check that the operator 
Ljj. : H. E" ®T^1-L given by L^. : h ^ -q* ®h, after the identification (|6.9p . is simply the column contraction 



L^. : h I 



^1 



with adjoint equal to 

= [771 • • • rid] -.n'^^H. 

Suppose that S € H°°{E,a) for this example of {E,(j). Then the realization formula for S G !F°°{E,a) 
given by (|5.5p for this case becomes 

S'(77) = D + C{I~ iiA)-^riB for r; = [771 ■ • ■ r^d] E M{C{£'^, £)) (6.12) 

where the coisometric U is as in (|6.10p . Using the relations (j6.1ip and using the expansion 



iI~riA)-'^J2(riAr, 



we see that (I6.12p can be rewritten as 



Siri) = D+ J2 Y.^A'^Brfri,. 

Moreover, again from the relations (|6.1ip we see that 

{CA"Bj)b = b{CA"Bj) and Db = bD for all b e L{£), 
i.e., CA°'Bj =: Saj for all a £ Td arid j — 1, . . . ,d as well as D =: are all scalar operators: 

Sa = s^h where s° G C. 
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From the complete positive kernel condition in Theorem 15. 1[ it is easily seen that S{ri) = X^q^jt^ Sq^v" is 
contractive for each row contraction i] = [7/1 ■ • • Vd] ^ M{£{£'^, £)). Thus the formal power series 



is in the formal noncommutative Schur class with scalar coefficients 5„c,(i (C,C) introduced in Section [ 
Conversely, if 5°(z) = J^ae 

jr^ s"2:" is in the formal noncommutative Schur class iS„c,d(C,C), then part 
(3) of Theorem 12.31 assures us that S{z) has a realization of the form 

= 1?° + C"(/ - Z{z)A^)-^Z{z)B^ 



(6.13) 



for a coisometric (even unitary) colligation 



U" = 



Let us form a new tensored colligation U of the form 



U 





















C 




re 












_c_ 



where we set 
where j = 1, . 





Bi' 








'H 














Ad 


Bd 








n 


C 


D 








£ 


B, 


= B 


> 




C = 



C{n) by 



D = D°®Is 



. , d. We may define a ^-representation tt: C{£) 

7r(6) = I-j-^o b. 

Then it is easily seen that this U satisfies (|6.10p and (|6.1ip . Moreover, from these relations and the realization 
(|6.13p for the formal noncommutative Schur-class function S'^{z), we see that we have a realization for the 
associated function r] 1-^ S'"(?7) of the form (|6.12p : 

s{v) := E = D + c{i~ l;,a)-^l;,b. 



We conclude: there is a one-to-one correspondence between formal power series S'^{z) — X^Q^jr^ s^z" in the 
noncommutative scalar- coefficient Schur class 5„c,d(C,C) and functions rj ^ S{ri) in the Muhly-Solel class 
H°°(E, a for the particular choice of {E, a) (described in (|6.5p with Q = C and £0 ^ £ infinite-dimensional), 
given by 



?/ ^ S{rj) 



Here we have made explicit the correspondence between condition (3) in Theorem 12.31 for S^(z) versus 
condition (3) in Theorem 15. II for S(r\). An amusing exercise would be to understand directly the equivalence 
between any of the other conditions in Theorem 12.31 for S'^(z) and the corresponding condition for S(j]) in 
Theorem O 



6.3. Analytic crossed-product algebras. We discuss here a particular case of analytic crossed-product 
algebras (see Example 2.6 in [3T] as well as the references there). This particular case has strong connections 
with time-varying system theory and was discussed in connection with point-evaluation and generalized 
Nevanlinna-Pick interpolation in (35] (see Examples 2.5, 2.6 and 2.25 there). Here we wish to draw out 
the connections between the realization theorem (the equivalence of (1) and (3) in Theorem 15.11 for this 
case) and a result from [5] that any lower-triangular contractive operator on i?^(Z) can be realized as the 
input-output map of a linear time- varying input/state/output system. For simplicity we discuss in detail 
only the multiplicity-free case (W = 3^ = C). 
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We take the algebra A to be the algebra £°° (Z) with coordinate- wise multiplication with correspondence 
E equal to .4 = £°°(Z) as a set. Let a be the automorphisms a{a){k) = a{k — 1) (fc e Z) for a : Z — > C in A. 
We consider E as a correspondence over A with left and right action given by 

(a • = (a(«))(fc) = a{k - l)^(fc), (e • a){k) = {^a){k) = ak)a{k) 

and with the y^- valued inner product 

{e:OE{k)^W)e{k) (6.14) 

for d e Z, a G ^ = £°°{Z) and^,^ & E = ^°°(Z). Then it is easily seen that E®"- is the correspondence over 
A identified again with E = £°° (Z) as a set with ^-valued inner product as in l|6.14p but with left and right 
yl-action given by 

(a • = (a"(a)C("))(A;) = a(k - n)^(fc), • a){k) = {^^^^^a){k) = ^('^\k)a{k) 

for k e Z, C^") G £;®" = £°°(Z) and a e = ^°°(Z). The Fock space J^{E) is then the correspondence 
©^q£°° (Z) with left and right ^-action given by 

More generally, when ^ is a general von Neumann algebra and a is an automorphism of A, this construction 
gives rise to analytic crossed-product algebras which have been studied by a number of authors over the past 
several decades (see [211 [Ml [33 and the references therein) . 

An appealing alternative representation of the correspondence, as explained in Example 2.6 in [35", is 
as follows. View A as the algebra V of all diagonal operators acting on ^^(Z), let U be the bilateral shift 
operator Uek — Ck+i (where ek(k') is the Kronecker delta function) and let E — UV C £(^^(Z)). Then 
define the left and right actions of ^ = P on — UV simply by left and right operator multiplications with 
the inner product given by 

{UDi,uD2)£ ^ d;di e V. 

One can check that this ^-correspondence E is unitarily equivalent to the ^'-correspondence E' given in 
the previous paragraph with the obvious identifications: 

{d{k)}kez e ^' = e°^{Z) ^ diag,.g2d(fc) e V = A, 

{?(fc)}feez eE' =£°-{Z)^U- (diag,g^e(fc)) eUV^E. 

One can easily check that the identification map 

UD2 ® UDi eUV(g,UV<^ UD2UD1 = U^{U*D2U)Di e U^V. 

is unitary from E ® E to U^V. After this identification, the left and right P-action on i?®^ = U^V is again 
given by left and right operator multiplication. More generally, we view £'®" as If^V with left and right 
2?-action given by operator multiplication and with inner product inherited from C{£'^{Z)): 

(c/"L»i, c/"i:»2)E»" = d;u''*u''Di = d;di e v. 

The Fock space J-'^{E) can then be identified with lower triangular matrices T with diagonal expansion 
T = Er=o U"Dn {Dn e V) such that 

N 

D*^Dn is bounded above in V. (6.15) 

n=0 

The Toeplitz algebra T°°{E) consists of all lower triangular matrices R which give rise to bounded operators 
on £^(Z). As elements of J-°°{E), they act on J-'^{E) (lower triangular matrices satisfying (|6.15p ) via 
multiplication on the left. We can view this algebra as generated by a single creation operator T/ (the 
creation operator associated with the identity matrix / G P, namely the bilateral shift operator U), together 
with the diagonal operators V. Note that U is really a unilateral shift operator since it is restricted to the 
space J-^{E) of lower triangular matrices (with action equal to a shifting of the subdiagonals). 

We now set 6 = £^ (Z) and let cr be the identity representation of V on. £ = £^ (Z) . Then iJ®" (g)^ £ can 
be identified with £ = £^(Z) in the natural way 

l: U"D(E)e^ De. 
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When this is done the left action oi T> becomes 

d-e = U'^*dU'^e 

since 

i{d ■ {U''D ® e)) = iidV^D ®e) = L{U''{U''*dU'')D (g) e) 
^ U'^*dU'^De ^ C/"*df/"t(C/"i:i ® e). 
Hence we identify T'^{E, a) = T'^{E) ®„ E with 

with left action by ^ = 2? given by 

fo-{e„}„6z^ ={C/™6f/"e„}„ez+. 
One can see that the image of the generating creation operator Tj = U ^ Is after these identifications is the 
unilateral shift operator S /£2(2) acting on J-^{E, a) = £^2(z)(^+)' 



T/ = [ti,j]i^jei.+ where Uj 



otherwise. 



The elements R of J-°°{E,a) C £(£^2(2) (^+)) can then be identified as the following algebra of sparse 
matrices: there is a sequence {dn}nez C V oi diagonal operators on ^^(Z) so that R has the form 

f C/*^ d _ - U^ for i > j 
R = [i?.,,].,j6Z+ where i?,,, = <^ ^ ' ' ^ (6.16) 

otherwise, 



or, in block-matrix form, 

R 



do 

di U*daU 
d2 U*diU U*^doU^ 



We identify {E'^)* for this example as follows. The space {E"')* consists of operators 77: E®aE £ such 
that 'q{if{a)®l£) = a{a)ri. For the present situation, both E(E)a-£ and £ are identified with £^(Z) but the left 
action by an element d € A — V is given by multiplication by U*dU in the first case and by multiplication 
by d in the second. Thus the operator 77 E £(^^(Z)) is required to satisfy 

r]U*DU = Dtj 

which means that rjU* is diagonal, so {E'^)* is identified with weighted shift operators 

{E'^)* ^ {77 = DriU ^ U{U*DriU) e C{e^{Z)): A, eV}^ UV. (6.17) 

Recall that there is a representation oi J-°°{E'^) on J-^{E, a) (where E'^ is viewed as a cr(y^) '-correspondence). 
For our situation here, cr(yl)' = A = T> considered as acting on £ = £^(Z) and the representation of (7{Ay 
on ^{E, a) — £^2(2)(^+) turns out to be the diagonal action: 

b ■ (®;r=oen) = ®^=oben for b G P, (B^^.e^ e (6-18) 

For purposes of getting a generating set for T°°{E"'), it suffices to consider the single creation operator 
associated with 77* = U*: the associated action on T'^{E, a) turns out to be 

r^.,. = where t:,^. = If ^^/=*.+ ^' (6.19) 

10 otherwise. 

^2 



According to the duality result from [33|, an operator R on £^2(z)(^+) is of the form (|6.16p if and only 
if R commutes with the scalar-diagonal operators (|6.18p and the i?''-creation operator (|6.19p : an amusing 
exercise for the reader is to verify this fact directly for this example. 

We now identify the Z-transform and compute the function spaces H^{E, a) and H°°{E, a) as follows. By 
(|6.17p we have an identification of {E")* with the space of weighted shift operators UT) in £(£^(Z)). After 
carrying out the identifications E'^"iS)a£ = ^^(Z), one can check that the generalized power 7;" : E®'^®cr£ £ 



MULTIVARIABLE GENERALIZATIONS OF THE SCHUR CLASS 



41 



of an ?7 € {E'^)* = UV coincides with the usual power ry" as an element of the operator algebra £(^^(Z)). 
Therefore, for / = {/„}„ez+ e and rj = D^U G BUE")*) (with G V), we have 

QO OO 

n=0 n=0 

If we restrict the second variable b G (j{AY = T> to he b = we have the restricted Fourier transform 

OC OO 

n=0 n=0 

We assert that the restricted Z -transform <i>^ : / i-^ /'^^ /^(^ Ipi^i.)) is injective. Indeed, if f^^irj) = for 
all 1], evaluating at 77 = gives that /o = and hence F^^{r]) — rj ■ J2'^=o /n+i^" = 0- Choosing 77 invertible 
and premultiplying by 77^^ then gives that 

E = (6.20) 

n=0 

for all invertible rj. By approximating a noninvcrtible 77 by invertible 77's, we see that (I6.20p actually holds for 
all 77 G IS>{{E"')*). Iteration of the same argument now gives that = for all n G i.e., / = {fn}nez+ 
is the zero element of ^^2(z)(^+)i ^^'^ assertion follows. Note that the a{Ay = P-action on T'^{E, a) is 
given by 

d ■ {/n}nez+ = {dfn}nei+ for dev. 
The completely positive kernel IK associated with the reproducing kernel Hilbert correspondence H^{E, cr) 

= ci>(^2^(^)(Z+))is 

00 

IK(?7,C)[&] = E V^'K*" for 6 HiE")*) = B(C/P) and beV. 

71=0 

Note that $*K(-,C)Me = bk(;e where 

6fc^e = {6C"e}„6z^ g4(^)(Z+). 

We conclude that the subcoUection 

{bk^e: beV,Ce M{UV), e G fiZ)} 

has dense span in i!^2(z)(^+)- 

An element R of J-°° (E) is identified with a lower triangular matrix representing a bounded operator on 
^^(Z); it is convenient to represent such a matrix via a generalized Fourier series along subdiagonals: 



i? ~ E U^dn where d„ G V. (6.21) 



n=0 



(The Caesaro averages of the partial sums of the series converges to R in the weak-* topology but we shall 
not need this.) Then R®Ii2(^-f, after the identification of !F'^{E) (g)o-i?^(Z) with £^2(2)(Z+), is identified with 
the operator acting on €^2(2)(Z+) with the sparse matrix representation (|6.16p . For rj G ^{{E"')*) = B(L/2?), 
the associated point evaluation of R(^ is then given by 

OC 

(i?®/,2(z))^(77) = E''"-R«^o 

OC 

= E^"^" (6.22) 

n=0 

if R is given by (|6.2ip . In particular, formally we recover R from {R ® 1^2 (2))^ as 

i?= (i?®/,2(z))^(t/). (6.23) 
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More precisely, we interpret the right-hand side of (|6.23p as 

(i? Ip(z)r{U) = lim(i? ® /p(2))^(rf/). 

The reahzation theorem (the equivalence of (1) and (3) in Theorem 15. ip assures us that any function of 
the form (i? ® with ||i?|| < 1 can be realized as follows. Suppose first that W is a {<j{A)' = V^C)- 

correspondence, i.e., 7i is a Hilbert space and there is a *-representation tt of cr(»4)' = 2? with values in 
C{n). Noting that 

U*d (g)^h^U* (g>^ ■K{d)h = TT{d)h 

ioT fi = U*d G E'' = U*V {sodeV = a^A)') and ft. e we see that ®^ H can be identified with Ti, but 
at the price that the left (o'(^)' = P)-action on 7i is given by tt^^^ : b i:{UbU*) rather than by tt. With 
this identification, we see that the unitary colligation U in l|5.3p and (|5.4p for this case has the form 



U 



'A B 




n 




n 


C D 











subject to 

or, equivalently, 

ATT{b) = 



A 


B 




nib) 


0' 




■7r(i)(6) 0' 




'A 


B 


C 


D 







b 




6 




C 


D 



for all b e c7{Ay = V, 



TT{UbU*)A, Bb = TT{UbU*)B, 



C7r(6) = bC, Db = bD for all 5 e P. (6.24) 

The realization theorem then tells us that any {R Ip^x))^ (where R E C{£'^{Z)) is lower-triangular and 
contractive) can be realized as 

{R (g> /£2(z))^(r;) = D + C{I- 7r{rjU*)A)-\(TjU*)B. 

Let us now consider a time- varying input/state/output linear system of the form 



(6.25) 



S : 



x{n + 1) 
y{n) 



A(n)x{n) + B{n)u{n) 
C{n)x{n) + D{n)u{n). 



(6.26) 



determined by the time- varying system matrix 

V(n) 



A{n) 


B{n) 




'n{n) 




'H{n + 1) 


C{n) 


D{n) 




C 




C 



We say that the system is conservative (respectively, dissipative) if each U(n) is unitary (respectively, con- 
tractive). Let us assume that we have a dissipative time- varying linear system with time- varying system 

matrix U(n) = c'in) LHji) ■ Then it can be shown that, given an input string {'u(n)}„gz in ^^(Z), there 
is a unique system trajectory {u{n),x{n),y{n)), i.e., solution of the system equations (j6.26p . such that 
lim„^_oo a^("-) = with the resulting output string {y(n)}„gz G ^^(Z). In this way there is defined an 
input-output map Ts on ^^(Z) such that Ts : {u{n)}nei, '-^ {y{n)}nez- 
Let us introduce an aggregate state space 



and an aggregate system matrix 



U = 



H = Q 






(6.27) 


A B 




n 




n 


(6.28) 


e T> 











with B, C and X> specified by block-matrix entries 



(6.29) 



If the operator A. has spectral radius strictly less than 1 as an operator on 7Y, then one can compute that 
Ts is given by 

TT. = ^:> + c{I-AY^BEli{^^{T)). (6.30) 
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Even if A does not have spectral radius strictly less than 1, there are various ways whereby one can still 
make sense of the formula (I6.30p : one such is via a limit 

Ts = hmX> + C(/-r^))-i(rB). 

rf 1 

From the representation (|6.3Qp for Ty, one can compute that has the diagonal decomposition 

oo 

Ts = ^ C/"d„ where do='D and ci„ = t/*"C>l""^e for n > 1. 
Hence an application of (|6.22p gives us 

oo 

(Ts ® ^-D + Y, i^^W^CA'^-^B. (6.31) 

Given Ti in the form (I6.27p . we may define a representation tt of I? by 

■n{h) : ®„gz h{n) i-^ ®n&b{n)h{n) for b = diag„g^{&(n)} G V. 

Note that if 5,C,X> are as in ([09)) . then U as in ((6?28)) satisfies the P-module property ((6?24)) (with 
A., S, C, X> in place of A, B, C, D). By a careful induction argument making using of these relations, one can 
show that 

e{TT{r]U*)A)''-^Tr{r]U*) = r]''U*''CA''-^ for fc = 1, 2, . . . . 

One can then show that 

oo 

T> + C{I- Tr{T]U*)A)-^TT{r]U*)B = X> + ^ e{TT{T]U*)A)"-^TT{r]U*)B 

n=l 
oo 

n=l 

= (rs®/p(z))^(?7), 

i.e., the aggregate colligation U = ['c T>] o.fising from the realization of as the input-output map for the 
time-varying linear system (j6.26p gives rise to a realization of the form (I6.25P for the function {Ty,® Ip(z))^ 
in the Muhly-Solel Schur class for this special setting. 

This suggests a different approach to the realization theorem (the equivalence of (1) and (3) in Theorem 
I5.ip for this particular case. Given a contractive lower-triangular operator R on £^(Z), it is known (see 
[U Theorem 6.2]) that one can realize R as the input-output map i? = Ts of a conservative time- varying 
input /state/output linear system as in (j6.26p : the solution in 4 is given via a time- varying analogue of the 
Pavlov functional model, or, alternatively, via a time-varying analogue of the Sz.-Nagy-Foias or de Branges- 
Rovnyak functional model. Once we have realized R a.s R — Tj^ with E as in (|6.26p . we get (i? h'^CL))'^ 
realized in the form (|6.25p and hence we have recovered the implication (1) => (3) of Theorem 15.11 We 
conclude that the Muhly-Solel realization theorem for this case, after some translation, has essentially the 
same content as the conservative realization theorem for linear time- varying systems in [4]. 
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